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Résumé — Détermination des contraintes et déplacements des couches hélicoidales des conduites
flexibles soumises a des flexions dynamiques — Cet article présente une méthode de détermination des
contraintes et des déplacements dans les couches hélicoidales des pipelines flexibles lors de flexions
dynamiques. Les déplacements de chacune des couches ne peuvent étre déterminés indépendamment des
autres couches a cause de la présence de frottement. Un couplage de la cinématique des couches est donc
nécessaire. Une comparaison avec des mesures de déformations montre que les développements
théoriques sont correctement validés.

Mots-clés: pipeling, flexible, flexion, déplacement, contrainte.

Abstract — Calculation of Stressesand Slipsin Helical Layers of Dynamically Bent Flexible Pipes —
This paper deals with stress and displacement cal culation in dynamically bent unbounded flexible pipes.
The presented method is original in that movements and stresses of all helical layers are coupled. Good
correlation between strain measurements and the theory has been found, and is shown in the paper.
Keywords: flexible, pipe, bending, displacement, stress.

NOTATIONS €= % relative curvature of the pipe
a radius of ahelical layer 0, ¢ angular coordinates of a point of atorus
Gy C,  transverseand normd curvatures of acurve AL A, dip of a point of a helix reatively to the torus,
F. F, F, tangentia, transverse and normal forcesin awire respectively along a parallel (8 constant), and
M., M,, M, tangential, transverse and normal moments in an along ameridian (¢ constant)

wire 1 ;

: ) = torsion of acurve

R radius of curvature of the pipe T
S curvilinear abscissaalong a helix o stress.
t unit tangential vector of acurve .
N unit vector normal to the bent pipe Subscripts
B unit transverse vector of a curve t in tangentia direction
X, X, X, rectangular coordinates of apoint of atorus b intransverse direction.
a initia laying angle of a helix .
AW dip of a point of a hdix relatively to the torus, Superscript

respectively in t and B directions [ relative to theith layer.
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INTRODUCTION

Design life prediction of flexible risers is of outstanding

importance to ensure reliability of offshore structures.

In asmplified manner, aflexible riser designis an iterative
four-step procedure (Estrier, 1992):

— afirgt andysis givesthe static behavior of the flexible pipe
components under axial tension, internal and external
pressure;

— a second analysis determines dynamic tension and
curvature variations along the pipe according to environ-
mental conditions (waves, current, vessel motions, etc.);

— athird analysis determines stresses and dipsin pipe layers
dueto curvature variations;

— thelast step uses the previous stresses to determine fatigue
limits of theriser.

This paper deals with the third step, and mainly with
tensile armour layers behavior that depend on time loading of
the pipe.

The method is described in two steps. The first one is a
geometrical analysis of deformed helices on a torus, where
basic eguations between curvatures and displacements are
obtained. In the other one, friction and equilibrium equations
are presented. A system of differential equations that links
displacements and forces of helical layers is obtained. It is
solved with afinite difference and aquasi Newton method.

Numerical examples of layers displacements and friction
effects are then presented.

The paper ends with a comparison between theoretical
results and strain measurements.

1 FLEXIBLE PIPE STRUCTURE

As shown on Figure 1, a flexible pipe used as a riser is

typicaly made of thefollowing layers (from inside to outside):

— acarcass, which isametallic construction used to prevent,
totaly or partidly, collapse of the interna sheath pipe due
for example to externa pressure;

— aninterna sheath, which is an extruded polymer layer that
ensuresinterna-fluid integrity;

— apressure vault, which is a structural layer with a lay
angle close to 90 degrees, and that increases the resistance
of the pipeto internal and externa pressure;

— tensile armour layers, which are structural layers with a
lay angle typically between 20 and 55 degrees, and consist
of helically wound wires. They are used to sustain tensile
loads and internal pressure. Tensile armour layers are
counter wound in pairs.

— anti-wear layers, which are nonmetallic extruded
thermoplastic sheath or tape wrapping, used to minimize
wear between structural layers,

— an outer sheath, which is an extruded polymer layer that
protects pipe against penetration of sea water and externa
damages.

Anti-wear
layer

Armours

Carcass
Zeta pressure
vault

Pressure sheath

Figure 1
Example of flexible pipe.

Environmental conditions (waves, current, vessel motions,
etc.), create variations in tension and curvatures of the riser
and dynamic dips, stresses and friction forces in the previous
layers.

The following method deals with the determination of
these dlips, stresses and friction forces, assuming that the
time curvature of the pipe is given as explained by Estrier
(Edtrier, 1992).

2 GEOMETRICAL ANALYSIS

This first step gives basic relations between curvatures and
displacements of deformed helices on atorus.

A curve on asurface can be defined in Darboux-Ribeaucourt
axes (f.N,B), where t isthe unit tangentia vector, N isthe
unit internal normal to the surface, B=tAN is in the
transverse direction.

If sisthe curvilinear abscissa aong the curve, then:
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where C,, C, are respectively transverse and normal
curvatures and p isthe torsion of the curve.
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Figure 2
Mathematical parameters definition.

Assuming that the bent pipe is atorus of constant radius of
curvature R and of radius a (Fig. 2), a point M on the torus
has the following coordinatesin (7', , k) axes:

=(R+a-cosB)-cos¢

=(R+a-cos6)-snd 2
X;=a-sn@
As.
(ds)? = (dx1)2 +(dx2)2 +(dx3)2 (©)
f:%i—+dﬁf+dﬁlz 4
ds ds ds

N = —cos [tos¢ [0 —cosb End [ —sinB [k (5)

ds 1

o ,Cp,Cphi— - can be deduced from Equations (1) to (5):

E;l;g = a2 +R2 V2 [§2 6

Cb:§ine[ﬂ2@2@+R2 V2 @Q—a[ﬁ?@Bﬂ%%%g )

C, =[a+R ¥ [cos® @2]%@2 ®)
1 do
e 2
T g ds ©)
where:
g:% s—E v =1 +¢ [GosO

Hence curves on the torus are completely defined if (for

example) g= % isgiven.

It is assumed that the deformed helices can be described
by:

do _
0 tga (1 h(,)) (10
where: h(6, e =0) =0, a: initial laying angle of the helix.
The choice of Equation (10), applying far from end
fittings and with a constant curvature of the pipe, was
governed by previous studies of well-known curves on a
surface, such asthe geodesic or the loxodromic curves.
Introducing Equation (10) into Equations (6) to (8), the
following results are obtained (refer to Appendix 1 for
mathematical developments):

1
h=- o 11
acosa do (1)
sma dag
+ ¢ [@0s? o [@0sO
a do (12

_ h
AC, :%l]:osZcx [@1—2%20()0056 —ZESHZGE (13

I3 . 1dh O
AC, = — [tosa [@1+sn2a $inG - ——sin2a
b a ) e do H
or: (149
€ sin2a _d2A
AC,, = — [tosa [{1+sin2a) [&$nd + —— b
b7 a [G ) a2 doz

1 .
A—= £ [¢osa sina [
T a (15)

O . O
2c0s20 cosH +(sin2a —cos?a ) —
g ( =

where:

A, (respectively A)) is the slip of a point of the helix
relatively to the torus in the tangential (respectively
transverse) direction;

y isthetangentia strain of the helix;

A I AC,,AC,, arevariations of torsion, transverse and nor-
mal curvatures with respect to the undeformed straight pipe.

3 MECHANICAL ANALYSIS

The studied flexible pipe is made of n helicd layers of laying
angle o' (i = 1 to n). The internal layer is supported by a
substrate that is modeled as a cylinder. We define:

R the constant radius of curvature of the bent substrate;

a theradiusof theith helical layer;
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0l
5=

the normal force (per unit length of a hdlix) at the lower
interface of the helical layer;
the friction force (per unit length of a helix) at the lower
interface of the helical layer;
fi the friction coefficient on the lower interface of the ith
helical layer.

Subscripts t and b will be used to refer to the tangential
and transverse directions. For example: qf , = qf ['.

Note that the dlip of the it helical layer relatively to layer
i —1isdefined as 81, with:

2

5} =5 [Bi
=N - At eos(al —ai-1) - A Ein( it —a i)
S (16)
o = o [
=N, -ArBin(al —a i) - A [eos(o | —o i)

3.1 Equations of Friction

When sliding occurs, friction forces are opposed to the
diding direction (or diding velocity). At a given point of the
internal helical layer (i = 1), equations of friction can be

written as.
P A S
fr=Urth \/BZ+(A1t)2+(Alb)2 n 17
1 — =1 R — Alb [f1
Gip = Ut __\/[32+(A1)2+(A1b)2 (o (18)
t
and, for layers2ton
qi =qi d =- 6lt Fi i
fit f i \/BZ+(6{)2+(Ib)2 n (19)
q' = qi [Eii = - Blb Fi Eqi
f.b = O \/[32+(-5it)2+(-ib)2 n (20
where
AL a_Alt — aAlIo
Bi =g B =5

arediding velocities of thefirst layer on the substrate, and
00 ; il

3 =—Lt5, =—2

€T 0e TP o

are diding velocities of the layer i (i > 1) relatively to layer
i—1.

The parameter 3 is a coefficient to avoid numerical
problems when dliding velocities are null, i.e. when surfaces
are stuck. Equations of friction as presented above are then
appropriate when diding or sticking phenomena occur.

3.2 Equilibrium Equations

Equilibrium of a length ds of a helix of the ith layer,
submitted to internal force Fand moment M, and external
friction and normal forces G} ds, Gi;*ds, g ds and d}*ds on

his lower and upper interfaces, gives, in T;,N;,b; directions:

dr/ i :

55~ FoCo ~FiCh +di ... (21)
-qjftcosla i ~a)- gjfisina i~ 1) =0
FtICr|‘|+.[_:I|.FbI i_ql +q|+1— (22)

n

dr!

FiCl +—=2 - —Fi+ql,...

t~b T g o Ob,t 23)

.- gflsin(ai* —ai) - giffcosfo i —a i) =0

M

. -M|C} -M|Ci =0 (24)
L 1 . eri1 -
Mt'Cr'1+EM,')+ o R =0 (25)
i
micy +IMb 1\ piog (26)

ds i, " "
Note that, for the externa layer (i = n):
gyt =0, =0,ai's =0
if friction on the external sheath is neglected.
3.3 Constitutive Equations

The behavior of helices are given by:

Fl =EiAlyi @7

Mi = -Gil ipATii 28)
h

M} = EiliAC] (29)

Mi = -EilAC] (30)

with E'A' T, 1L, T respectively the Young's modulus, the
section, and torsional, normal and transverse inertia of the
hdix.
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It is here assumed that the normal principal axis of the
wire is the same than the normal to the surface N.

3.4 Resolution

The nonlinear problem is solved with the finite difference
method.

It isfirst assumed that al wires of a given layer have the
same behavior. Then, only one wire of each layer is

- . . AL
partitioned into n, intervals of length AB = P with n, + 1
points X, initially positioned at: P

8, =(k-)ABifai>0
k=2m-(k-1)ABif d<0(k=1ton, +1)

The given dynamic relative curvature of the pipe is also
partitioned into n, intervals of length Ae.

From finite difference method, the following approxi-
mation, for any function u (6, €) is used:

ou(s, ) _ u(@+A8,£) —u(6-AH, ¢

09 2A8

02u(B,€) _ u(6+A6,g) —2u(B,€) +u(6-AB ¢
092 0@2

au(e,e) _ u(6,g) - u(B, € —Ag)
oe At

In order to reduce time calculation, chosen unknowns in
the resolution are the transverse and tangential displacements
N(8,),8%(8y), with k = 1 to n,+landi=1ton. The
problem sizeisthen 2n (np + 1) unknowns.

It is considered aso that relative displacements are small,
SO agiven point x{( is aways in contact with the same points
xi~Land X} of the upper and lower layers.

Giving acurvature € and astep Ag, Equations (21) and (23)
are the solved equations at points X}, k # 1,k # n+Li=1
ton. For k=1, k=n_+ 1, the following boundary conditions
are used: A (6,) =0, A (6,) =0 (i = 1 to n). The solution is
determined with aquasi Newton method.

Equations (12) to (15), (17) and (18) (or (19) and (20)),
(22) and (25) to (30), give the relations between

Ft',Fn',Fﬂ-Mt'-M'n-ML,At—i,AC'n,ACL,v',qh.q'f,t,q'f,b
n

and the unknowns 4 (8,), 4 (8,).
Initially (straight pipe, € = 0), Al (8,) = 0, AL (6,) for
i=ltonandk= lton,+ 1

4 THEORETICAL EXAMPLES

In this section, aflexible pipeis subjected to cycles of curvature
from 1 =0to 1 =0.1m. Itismade of two armour layers.
R R

Input data are the following:

al=78.3mm, a>=83.8mm

al=-35°, 0?=35°

Al= A= 36 mnm?

El=E’=2-10" Pa

initial tangential forces due to a traction of 500 kN are

F1 = 7500 N, F2 = 6300 N.

Twenty cycles of bending are smulated. A coefficient of
friction equal to 0.15 is used for dl interfaces (between the
internal armour layer and the substrate, and between both
armour layers).

0.0010
external layer
— internal layer
E 0.0005
qQ
5
g 0.0000
[]
Q
3
%)
5-0.0005
-0.0010 L L L
-0.003 -0.002 -0.001 0.000 0.001
Displacement Dp (m)
Figure3

Trajectories of armour layers (A, versus Ap for the internal
helix, &, versus ép for the external helix) in cycles of curvature

-
(8=3).

0.12

0.09

0.06

0.03

0.00[

Transverse curvature (1/m)

003

-0.06
0.00 0.02 0.04 0.06 0.08 0.10

Pipe curvature (1/m)

Figure4
Transverse curvature of the internal armour layer in cycles

1
of curvature (8 = E)'
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Displacements (A, versus A, for the internal helix, &,
versus o for the external helixg and transverse curvatures
AC, of internal and external helices are represented in

Figures3, 4 and 5 on neutral bending axis (6 = g) as a

function of pipe curvature. These figures point out that a
steady cycle of movement is obtained for each helix after
only afew cycles of variation of curvature of the pipe. Steady
cycles occur around geodesic curves and are centered on half
the amplitude of geodesic displacements. The number of
cycles necessary to reach the steady state depends on friction.

Figure 6 shows axial stress on extrados and intrados of
internal and external helices versus the pipe curvature.
Friction hysteretic effect is clearly shown.

Figures 7 to 14 show displacements, curvatures and
stresses along internal and externa helices, for minimum

(_; = 0) and maximum (_; = 0.1 mY) curvatures of the

pipe, for the first and 20th cycles of curvature. These figures
show that variations of tangential displacements and stresses
with cycles of curvature are small compared to variations of
transverses displacements and curvatures. These figures
show also that, after a few cycles of pipe curvatures, all
displacements and curvatures have sinusoidal (or cosinu-
soidal) shapes versus 6, and tangential stresses have globally
linear shapes. These shapes can be used to simplify the
resolution, as was done in a previous work (Féret et al.,
1995).

0.15
0.12

0.09

0.06

0.03
0.00

-0.03

Transverse curvature (1/m)

-0.06 &

-0.09 ] ] ] ]
000 002 004 006 008 010

Pipe curvature (1/m)

Figure5
Transverse curvature of the external armour layer in cycles of

curvature (6 = g).

1.00E-03
--e - g, cycle 1, maximum
curvature
--o- - dl, cycle 1, minimum
5.00E-04 curvature
— —e— dt, cycle 20, maximum
£ curvature
g —o— dit, cycle 20, minimum
< q curvature
£ gHoocooo0000 - .
] 0.00E+00%g ° ooac | - -= - db, cycle 1, maximum
_g coa8 curvature
K7%) - - db, cycle 1, minimum
e curvature
-5.00E-04 —=— db, cycle 20, maximum
curvature
—o— db, cycle 20, minimum
curvature
-1.00E-03
-360 -270 -180 -90 0
Angle (deg) along the internal layer
Figure 7

Displacements A, and A, along the internal armour layer.

__ 3.00E+08
©

& 2.75E+08
@ 2.50E+08
2.25E+08
€ 1.50E+08
()

(o))

£ 1.75E+08

=
1.50E+08 L L L L
0.00 0.02 0.04 0.06 0.08 0.10

Pipe curvature (1/m)

al str

extrados, external layer
— intrados, internal layer

intrados, external layer
— extrados, internal layer

Figure 6
Axial stress of armour layersin cycles of curvature.

1.50E-03
--e - dt, cycle 1, maximum
curvature
1.00E-03 --o- - dlt, cycle 1, minimum
curvature
—_ —e— i, cycle 20, maximum
E 5.00E-04 curvature
2 —o— dit, cycle 20, minimum
o curvature
g 0.00E+00 )
I --=-db, cycle 1, maximum
% curvature
2 500E-04 --o-- db, cycle 1, minimum

curvature
—=— db, cycle 20, maximum
curvature

-1.00E-03 -
—o— db, cycle 20, minimum
curvature
-1.50E-03
0 90 180 270 360
Angle (deg) along the internal layer
Figure 8

Displacements A, and A, along the external armour layer.
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Figure 9

ayer

Transverse curvature along the internal armour layer.
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Figure 11
Normal curvature along the internal armour layer.
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Figure 13

Axia stress along the internal armour layer.
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Transverse curvature aong the external armour layer.
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Normal curvature along the external armour layer.
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Axial stress along the external armour layer.
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Theory-Experiments Comparison

A 4" internal diameter Coflexip flexible pipe of 8 min length
was tested on a dynamic bench test located at |FP. Both end-
fittings of the flexible pipe can rotate and one end-fitting can
translate (see Fig. 15). Imposed rotations and translation
were chosen to obtain (as far as possible) constant variations
of curvature along the pipe.

Windows were cut in the external sheath at the pipe center
and strain gauges were stuck on the external helical layer, at

6 = 0 (extrados), 0 :1—21 (neutral bending axis) and 6 = 1t
(intrados). Paralel strain gauges were used to obtain both

axial and transverse strain variations. In each window,
three gauges were stuck on adjacent armours (strain gages

Figure 15
Dynamic bench test.

70
§ 60
2
& O
4 50
@ .
< 40 %
E x:“; + strain gage n°1 ?{‘::‘
@ 30 -[;t : strain gage n°2 :‘;;’:‘ o
g “;x  strain gage n°3 iﬁAL
© ool % O theory (f=0.15) e
c 3 A
S |5
2 10}
ﬂs A8
> O
0 S T T
0.000 0.020 0.040 0.060 0.080 0.100

Variation of pipe curvature (1/m)

Figure 16

Theoretical and measured tangential stresses at intrados.

number 1 to 3 at intrados, number 4 to 6 on the neutral
bending axis, and number 7 to 9 a extrados).

Test results presented here were obtained with an internal
pressure of 40 MPa and a variation of pipe curvature equa to
A —:2 [00.09 m. Figures 16 to 18 show experimental results
and the dispersion can than be found in flexible pipes.

Note that the pipe has an anti-wear layer between two
armour layers. These three layers were modeled.

70

<
o
2
(]
(%]
g
D
8
S i“«y « strain gage n° 7 ;
2@ 30 -dv} strain gage n° 8 Y
S e 9ag e ©
= 2000 + strain gage n° 9 ‘e
© 20f.% o theory (f=0.15) ‘Z,;"
2 M 3
8 } s o
5 10 H
> o

0 o8 D000

0.000 0.020 0.040 0.060 0.080 0.100
Variation of pipe curvature (1/m)

Figure 17

Theoretical and measured tangential stresses at extrados.

_0.180
S -
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~ ¥
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= 0.140 ) , 3
% + strain gage n°6 e SeR Y
2 0.120 O theory (f=0.15)
3
o 0.100|
@
$ 0.080|
(%]
c
®© 0.060 |
S 0.040
c -
K]
kS 0.020
< 0.000},
© T T T T
0.00 0.020 0.040 0.060 0.080 0.100
Variation of pipe curvature (1/m)
Figure 18
Theoretical and measured transverse curvatures at neutral
bending axis.
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Theoretical results were obtained asfollowing:

— initial forces F, due to pressure were determined with

dedicated computer program (Féret and Momplot, 1989);
— experimental data (tangential strain) at extrados and

intrados, were used to determine the friction coefficient. A

value of 0.15 was obtained, as shown in Figures 16 and 18;
— measured pipe curvature variations on the bench test were

used in theoretical smulations.

Theoretical and experimental variations of axial stress
(8 =0 or 8 =) and transverse bending stress (0 = g) were
compared, both in variations and in shapes.

Figures 16 to 18 show that shapes of both axial and
transverse strain variations are well predicted by theory, and
that the relative error do not exceed 30%.

The presented theory is then in good agreement with
experimental measurements.

CONCLUSION

A method of dynamic stress and displacement calculation in
flexible pipeines has been presented. It is based on geome-
trical, friction and equilibrium equations in helical layers.
Good corréelation has been found with strain measurements.
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APPENDIX 1

When neglecting termsin €2, €3, ...

dsg_ 2 +R2 V2 (g2 _do_ e
E% =a2+R2[¥2 {2 and g—de—tga(1+h(e,s))

give

ds a
—=— 11+ 2 +
6 in [1 cos?a (e [tos6 h)]

If apoint M islocated with

ad
0=0 ,S= =— 0
057% T 4hq
when € = 0 (straight pipe) and 6 = 6, s='s, when € # 0 (bent
pipe), let introduce Ap the displacement of M (relatively to the
torus) aong a parallel (6 congtant), and A, the displacement
along ameridian (¢ constant):

A, =alfeg —6,).4, (R+amose)%[ 40 de - tsgeo(:%

It isthen found that:

As.

A, =A;cosa —Apsina: h=-

1D
Etg

da,

dAD

1 da,
acoso do

Togetythe tangential strain of the helix, we use:

= J’ﬁ[1+cosza(s [6os® +h)]do - —2
0

jv
0,
0:
S
ds_d
Y30~ de

(se —s0) =

S

desss"fde

a

_ @By

sincx

ab

sina

a ,
=5 +A; +———cos?a [d [Sin6
sina

na da,
——— +cos2a (8 [@osO
do



