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Introduction

Valuing an investment opportunity in oil and gas exploration-production generally requires the use of approaches -decision trees, sensitivity analyses -designed to take into account the uncertainty and flexibility associated with the project in question. Regardless of the approach taken at a given time, a valuation of the project using deterministic hypotheses is nevertheless inevitable. It is therefore necessary to use a method that allows the project's net present value to be accurately determined by factoring in its financing. Investment projects are generally valued on the assumption that the firm must comply with a debt ratio 1 at company level, at least for all projects belonging to a given risk class. This is also the case for a multinational firm investing in various countries. This ratio, called here the "target debt ratio", helps to determine the firm' s cost of equity. A multinational firm may, however, wish to capitalize on the fact that some of its subsidiaries have local access to loans for which the after-tax cost is lower than can be obtained elsewhere. This is particularly true of oil companies. In the exploration and production sector, tax schemes are specific and vary greatly from one country to another, and at times even from one oil field to another. For example, in 2007 the tax rate on oil revenue in Norway -ordinary income tax plus special petroleum tax -is 78%, and interest paid to lenders is fully deductible from taxable income (provided that the amounts borrowed do not exceed 80% of the investment). In Angola, on the other hand, interest associated with loans cannot be recovered under production-sharing agreements. A firm operating in these two countries and seeking to minimize the total amount of taxes paid will therefore borrow more in Norway than in Angola. In reality, an oil company often allocates to a project loans representing more (or less) than the portion corresponding to the target debt ratio that must be complied with at company level (i.e. for all projects).

In this paper 2 , we present and illustrate the generalized ATWACC method, an adaptation of the standard WACC method that can be used to value projects with any debt ratio. This method was proposed by Babusiaux and Pierru (2001a). Here, we prove its validity using a model that maximizes, under constraints, the firm's equity value.

Limitations of project-valuation methods used in the industry

In the industry, a number of methods are used to value investment projects. Here, we consider projects for which debt financing is included in the calculation of the debt ratio targeted by the firm. The methods traditionally used are therefore the standard WACC method and the BTWACC method. 3 The standard WACC method entails discounting after-tax operating cash flows 4 at a rate defined as the firm's after-tax weighted average cost of capital. This calculation reflects the point of view of a department in charge of investment projects for which all financing-related data are included in calculating the discount rate. In the oil exploration and production sector, the BTWACC method is routinely used 5 . This method reflects the perspective of all the firm's funds providers, since it discounts the total cash flow received -or paid out -by shareholders and debtholders (i.e., the sum of the after-tax operating 1 According to [START_REF] Graham | The theory and practice of corporate finance: evidence from the field[END_REF], 80% of firms target a given debt ratio.

This is an abbreviated version of an article published in the OPEC Energy Review (2008, 32(3), p. 197-214). 3 Also called the Arditti-Levy method (1977), the shadow interest method, and, by [START_REF] Ruback | Capital cash flows: a simple approach to valuing risky cash flows[END_REF], the capital cash flow method. 4 Here, the term "after-tax operating cash flow" refers to the cash flow of the project before any financial claims are paid. For tax purposes, the taxable income used is defined as the earnings before interest and taxes, which means that the after-tax operating cash flow includes no interest tax shields. Some authors also use the term "free cash flow". 5 For example, the BTWACC method is the official method of Total. cash flow and the interest tax shields). The discount rate used is the firm's before-tax weighted average cost of capital. In considering a discount rate independent from taxation, this method is particularly appropriate for an international firm in the upstream oil or gas sector subject to tax schemes that vary greatly from one country to another, and even from one permit to another. These often-complex tax schemes are frequently defined on a contractual basis within the scope of production-sharing agreements or service contracts, and can vary over time. The use of both these methods is based on the implicit assumption that each year the project's debt ratio is equal to that of the firm. Both methods therefore lead to the same net present value, as illustrated by [START_REF] Chambers | Treatment of financing mix in analyzing investment opportunities[END_REF]. Neither of these methods can be used to value a project whose debt ratio differs, for tax reasons, from that targeted by the firm. The generalized ATWACC method proposed by Babusiaux and Pierru (2001a) meets this objective.

Presentation of the generalized ATWACC method

Hypotheses and notations

Let us consider a multinational firm subject to different tax schemes from one country to another. For the sake of simplicity, we assume that all the firm's investment projects belong to the same risk class -for example, that they are all oil-field development projects -and are financed using loans contracted at the same 6 annual interest rate, denoted as r. The firm' s cost of equity is denoted as e k . All these data, like those that follow, are expressed in nominal dollars.

We assume that with each project u is associated a given stream of after-tax operating cash flows that goes from year 0 to year T. The after-tax operating cash flow at year n of project u is denoted as , u n F . At each year n, the taxable income of project u is subject to a special tax rate, denoted as ,

u n θ .
We assume a predefined target debt ratio, denoted as w, with which the firm must comply. However, the firm may wish to allocate to a project loans representing more (or less) than the portion corresponding to its target debt ratio w (which must be satisfied at company level). In fact, debt financing giving rise to tax shields in a given country depends on the investments made in that country. In particular, the loans associated with oil-field development projects are usually known. As we pointed out above, tax rules, such as those related to the deductibility of interest payments, and applicable tax rates can vary greatly from one project to another. The firm must therefore seek an optimal allocation of its debt.

Optimal allocation of debt among various projects

In theory, each year the firm must allocate the loans in increasing order of their after-tax cost 7 ( )

, 1 u n r θ - .
When the total amount of loans available at company level (in compliance with the target debt ratio) is fully used up, the after-tax cost of the last loan allocated therefore corresponds to the firm's marginal cost of debt. If the firm's debt capacity were increased by a dollar, the debt would be contracted at this marginal cost. We denote t as the tax rate that applies to the taxable income of the project to which this (last) loan is allocated. At company level, the after-tax marginal cost of debt is therefore ( )

1 t r - ( subsequently 
assumed to be constant over time).

This latter assumption can be easily disregarded, as illustrated by Babusiaux and Pierru (2001a). We must take , 0

u n θ = if we consider a concession for which the interest payments are not deductible from the taxable income or a production-sharing agreement for which these payments are not included in cost oil.

The firm's discount rate

In accordance with standard microeconomic reasoning, the discount rate used by the firm is the firm' s marginal cost of capital. As the firm maintains its debt ratio equal to a given target debt ratio, the composition (debt and equity) of the last dollar of capital raised by the firm satisfies this target debt ratio. The firm' s marginal cost of capital is therefore a weighted average of the firm' s marginal after-tax cost of debt and its cost of equity. In the standard case where the firm faces only a single tax rate, to determine the firm' s marginal after-tax cost of debt is not an issue, as the after-tax cost of debt is the same for all projects. Here, the after-tax cost of debt actually paid depends on the project considered. Because of the resulting optimal debt allocation between projects, the firm' s marginal after-tax cost of debt to use is ( )

1 t r - .
The discount rate used here is a WACC computed on a marginal basis. However, unlike the standard case, this WACC discount rate, computed as the weighted average of the firm' s marginal financing costs, is here not equal to the weighted average of the firm' s average financing costs (that would be obtained by considering the average after-tax cost of debt). As a result, the cash flows of all the projects must be discounted at the same 8 rate, i, defined as follows: ( ) ( )

1 1 e i w t r w k = - + - (1)

Net present value of a project

The net present value of project u is given by the following formula:

( ) ) ( , , , 1 ,0 1 1 T u n u n u n u n n F t rB F i θ - = + - + + (2) 
where , 1

u n Bis the outstanding amount at the end of year 1 nof the debt allocated to project u.

The cash flow attributed to the project under consideration is therefore equal each year to the sum of the project's after-tax operating cash flow and an interest-tax-shield differential. The economic interpretation of this differential is as follows: at each year 1 n -, compliance with the firm's target debt ratio w implies that, if loan amount , 1 u n Bcould no longer be allocated to project u, it would then be allocated to the project used to define the firm's (after-tax) marginal cost of debt. The corresponding after-tax interest payment would then be ( ) , 1 1

u n t rB - - , instead of ( ) , , 1 1 u n u n rB θ - -
. Therefore, project u generates the following reduction of after-tax interest payment:

( ) ( ) ( ) , 1 , , 1 , , 1 1 1 u n u n u n u n u n t rB rB t rB θ θ - - - - -- = -
.

Other profitability criteria

Other criteria that are used in practice -internal rate of return, profitability index, discounted payback period -can also be computed with the generalized ATWACC method. For instance, a project' s internal rate of return is the value of i that cancels out the project' s net present value given by (2). This return must be compared to the firm' s discount rate given by formula (1).

8 The firm's use of a single discount rate implies that the cost of equity is the same for all projects, regardless of their debt ratio, which may appear to contradict the traditional results of finance theory (for example, the formula proposed by [START_REF] Modigliani | Corporate Income Taxes and the Cost of Capital: a correction[END_REF]). In fact, this assumption is justified here by the existence of the constraint of compliance with the target debt ratio at company level. This constraint "connects" the projects and results in no differentiation in their cost of equity. [START_REF] Pierru | Financing and valuation of a marginal project by a firm facing various tax rates[END_REF] proves this result by considering the adjusted present values of the various projects.

Contractual terms specific to the upstream oil sector

Adapting the generalized ATWACC method to take into account contractual terms specific to the upstream oil sector does not raise any particular problem. Let us consider, for example, a project u carried out under a production-sharing agreement, where the interest payment can be recovered in the form of cost oil. One therefore simply regards this interest payment as taking the place of an equivalent amount of profit oil that otherwise would have been shared between the state and the company. At year n, the actual gain that results from incorporating this interest payment into the cost oil is therefore , , 1

u n u n rB τ -, where , u n τ
is the percentage of the profit oil -or, where relevant, the excess oil -accruing to the state at year n. The cash flow to be considered with the generalized ATWACC method is therefore:

, , , 1 
( )

u n u n u n F t rB τ - + -
.

Numerical example

Let us consider a firm using the generalized ATWACC method that computes its discount rate with the following data (expressed in nominal dollars): 15%, 8%, 35%, 40%

e k r t w = = = =
. The firm' s marginal after-tax cost of debt -determined by the firm' s central services as previously describedis therefore:

( )

1 0.35 8% 5.2% - =
According to equation ( 1), the discount rate used by the firm is thus equal to 11.08% . The company is studying an investment project which consists of bringing an oil field into production. The earnings produced by this project are subject to a tax rate u θ of 70%, constant throughout time. We assume that the fiscal system is a concession which allows deductibility of the interest payments from the taxable income.

The project under study has a lifetime of 7 years, the investment outlay ($89 million) being spent in year 0. The after-tax operating cash flow (i.e., revenue minus operating expenses, royalty and tax on earnings before interest) is assumed to remain constant and equal to $18 million each year (from year 1 to year 7). The project is partly financed by a loan of $70 million contracted in year 0 at an annual interest rate of 8%. The loan reimbursement is assumed to be 'as fast as possible' as is often the case in practice. The first step is to compute the schedule of debt reimbursement. For this, it suffices to say that each year the outstanding debt amount will decrease by an amount equal to the difference between the after-tax operating cash flow and the after-tax interest payment (the tax rate considered being 70%, the effective project' s tax rate). The results are given in Table 1.

Table 1 Debt repayment schedule ($ millions)

Each year, the differential of interest tax shields is obtained by multiplying the outstanding debt amount at the end of the previous year by: ( ) The project' s cash flow is computed by adding this interest-tax-shield differential to the after-tax operating cash flow. The results are given by Table 2. The generalized ATWACC method yields a negative net present value of -$0.26 million.

To compare this value with that obtained with a non-rigorous computation, let us now assume that the firm uses the BTWACC method. The discount rate is then computed on a before-tax basis:

( ) ( ) 0.4 8% 0.6 15% 12.2% × + × =
With the BTWACC method, every year, the project' s cash flow is obtained by adding the full interest tax shields to the after-tax operating cash flow (Table 3). The resulting net present value is then $0.75 million. This (positive) value is incorrect as here the project' s debt ratio is not equal to the debt ratio targeted by the firm, which precludes the use of the BTWACC method. [START_REF] Babusiaux | Corporate investment decisions and economic analysis[END_REF] provide other numerical illustrations of the generalized ATWACC method.

A new proof of the generalized ATWACC method

Here we propose a new proof of the generalized ATWACC method. This proof is based on the interpretation of the Lagrange multipliers of a mathematical program that maximizes a firm's equity value in the context of our analysis.

Constrained optimization of a firm's equity value

We consider an international firm involved in the development and production of oil (or gas) fields.

The model, which covers a period of T years, maximizes the equity value of the firm at year 0. The firm has z investment opportunities (i.e., projects) that can be undertaken over this period. The firm has the option of choosing the (non-negative) size x u of each project P u , with: 0

u x ≥ 1,...., u z = (3) 0 u x ≥ 1,...., u z = (1)
This assumption is based on two observations:

-A large oil field is usually developed by an association of several firms that share capital costs (in order to reduce their individual exposure to political risks, for instance); consequently, a given firm can consider a project divisible.

-The decision to develop a large oil field may also include developing smaller surrounding oil fields and the sizing of a collecting pipe (with non-constant returns).

Possible interdependencies between the cash flows of the various projects are not considered in the model. However, even if such interdependencies exist in real-life projects -for instance, the simultaneous development of several oil fields in the same area may give rise to an increase in the corresponding investment costs -their impact on the issue raised here, i.e. the debt allocation process, is likely to be negligible. To sum up, the projects constitute continuous ranges of investment in the model, independent of each other.

The expected after-tax operating cash flow to be produced in year n (

} { 0,1,..., n T ∈ ) by project P u ( } { 1, 2,..., u z ∈
) is denoted as ( ) , u n u F x and is assumed to be differentiable with respect to x u . Given these assumptions, to define bounded project sizes simply consider the functions ( ) , u n u F x so that, in the neighbourhood of the bounds, the investment cost grows very rapidly (or revenues fall sharply). Certain projects can be undertaken beginning in year 0, and others in later years. For a project P q starting in year t, one should then take ( ) , 0 q k q F x = for k t < . The expected terminal value of project P u in year T is given as a function of x u and is denoted as

( ) , u T u V x .
All of the firm' s debt is assumed to be contracted at interest rate r. The loan amount expected to be allocated in year n to project P u is denoted as ,

u n
B . As we assume that the firm cannot lend capital, we must have: , 0 0,...., 1, 1,....,

u n B n T u z ≥ = - = (4) 
For each project P u , the debt-related cash flow in year 1 n + amounts to

( ) ( ) , 1 , 1 , 1 1 u n u n u n B r B θ + + -+ - . The interest payment , u n
rB is thus assumed to generate tax shields at tax rate , 1 u n θ + , which depends on the fiscal rules specific to project P u . If the interest payment is neither recoverable nor deductible, as in the Angolan production-sharing contract mentioned in the introduction, then one should simply set out: , 1 0

u n θ + = .
In real-life projects, the amount of debt for which interest payments are deductible from the taxable income cannot exceed a certain limit imposed by local fiscal authorities. This maximum amount can generally be considered a function of the size of the project. For instance, it is equal to 80% of the The values of the Lagrange multipliers associated with the constraints corresponding to the other projects can be deduced from the above equations. Let us first consider the projects to which a loan is allocated at year 0, i.e. the projects for which the constraint of type ( 5) is binding. Equations ( 9) and (10) become: Projects to which no loan is allocated at year 0 have a Lagrange multiplier, associated with the corresponding constraint of type ( 5), with a zero value:

,0 0 u λ = . We write the corresponding equations ( 9) and ( 10):

( ) ( ) ( ) 0 ,0 ,0 ,1 0 1 1 0 1 1 1 1 0 u e u u w k w r µ π π θ µ - + + = - - + - -≤
The first of these two equations (identical to those above) again indicates that:

0 ,0 ,0 u m π π = As for the second, it implies: 0 ,1 ,1 u m θ θ ≤
, which is entirely consistent with the debt allocation process described above: at year 0, no loan will be allocated to a project generating an amount of interest tax shields lower than the amount that would be generated by project 0 m P . This gives a first result that we will generalize to the following years: the Lagrange multipliers associated with the constraints of type ( 7) are equal each year to the discount coefficient used in the generalized ATWACC method.

In fact, at year n, for any project P u , we rewrite equations ( 11) and ( 12):

( ) π π = . Since this hypothesis was verified for year 0, there is in fact equality of these Lagrange multipliers each year. To determine the value, we will again refer to the project used to define the marginal loan for year n in question, denoted as n m P . Once the debt is allocated, the marginal project benefits from a loan without its constraint (5) being active: And finally, for any project:

d F x d B x d V x r d F x d x d x d x d x w k w r w k w r θ θ θ θ + + + - = + + = = + - + + = + - + - + - + - ∏ ∏
The interpretation of this equation is straightforward: the discounted income, determined according to the generalized ATWACC method, of the last euro invested in project u is zero.

There is indeed optimum project dimensioning when the generalized ATWACC method is used. In addition, according to equation ( 13), a project for which 0 λ also indicates the cash flow adjustment to be taken into account, in the form of an after-tax interest expense differential. In fact, if the corresponding constraint (5) were relaxed by one euro, one euro borrowed would be deducted from the "marginal" project and allocated to the project in question. The firm's cash flow would increase at year n+1 by the amount In this paper we focus on the computation of a project' s net present value. Of course, other criteria that are used in practice -internal rate of return, profitability index, discounted payback period -can also be computed with the generalized ATWACC method. Finally, please note that the BTWACC method may be viewed as a specific case of application of the generalized ATWACC method, one in which the firm's after-tax marginal cost of debt is equal to the before-tax interest rate (i.e. 0 t = ). For a firm using the BTWACC method, adopting the generalized ATWACC method therefore simply amounts to changing the value of a parameter and not really changing the method. This remark can prove valuable, considering how resistant organizations are to change.

  At year 0 as for the following years, debt is allocated in increasing order of the loan's after-tax cost (i.e. by decreasing interest tax shields). The corresponding constraints of type (5) are binding. The project to which the last loan is allocated is denoted as 0 m P (project used to define the firm's marginal cost of debt at year 0). The corresponding constraint (5) is not binding, which gives us (Please note that this is the only project that meets both these conditions.) We therefore obtain the following two equations:

ux=

  , i.e. an unrealized project, has a negative or zero marginal net present value. The Lagrange multipliers , the discount coefficients of year n+1 in relation to year 0. The discount rate n i for year n+1 to year n is given by: If the cash flow of a project at year n+1 were increased by one euro, which would amount to relaxing the corresponding constraint (7), the firm's present value would increase by the amount:

  corresponds to an increase in the objective function in the amount:

Table 2

 2 Cash flow with the generalized ATWACC method ($ millions)

	Year	0	1	2	3	4	5	6	7
	Investment	89							
	After-tax operating cash flow		18	18	18	18	18	18 18
	Interest-tax-shields differential		1.96	1.5 1.04 0.56 0.07		
	Cash flow	-89 19.96 19.5 19.04 18.56 18.07	18 18

Table 3

 3 Cash flow with the BTWACC method ($ millions)

	Year	0	1	2	3	4	5	6	7
	Investment	89							
	After-tax operating cash flow		18	18	18	18	18	18 18
	Interest tax shield		3.92 3.01 2.07 1.11 0.13		
	Cash flow	-89 21.92 21.01 20.07 19.11 18.13	18 18

investment expenditure in a Norwegian oil concession, as discussed in the introduction (certain intricacies of the Norwegian petroleum tax system are here voluntarily ignored). In the model, this maximum loan amount, denoted as ( ) , l u n u B x , is assumed to be a continuous function, differentiable with respect to x u . The following constraints are therefore included in the model: ( ) , , 0 0,...., 1, 1,....,

Each constraint of type ( 5) means that a debt in excess of ( )

, l u n u B x generates no interest tax shields and, consequently, has no economic interest for the firm. Therefore, such a debt is not contracted through the optimal debt-allocation process (even if this option were explicitly taken into account in the model).

Let , u n V denote the equity value of project P u at the end of year n (present value at year n of the equity cash flows of project P u after year n). At any given year, the equity value of the firm is considered as being equal to the sum of the equity values of the entire set of projects undertaken. The firm' s total value is equal to the sum of the firm' s equity value and debt. As the firm undertakes to satisfy a target debt ratio w on the corporate scale each year, we must have:

The firm' s cost of equity is denoted as e k . ,

V is calculated according to the equity residual method on a stand-alone basis (i.e. by imputing to project P u all cash flows related to the loans that are associated with it):

V is not subject to a non-negativity constraint, since the value of a project can be negative during certain years. Such is the case, for instance, if the last cash flows of the project correspond to the cost for decommissioning and site rehabilitation of a depleted oil field.

The problem of maximization under constraints with which the firm must contend is therefore written as follows:

( 1,...., ) ( 0,...., 1) 0 (5)

( 1,...., ) ( 0,...., 2) 1 1 1 0 (7)

( 1,...., ) 1 1 1 . . 

Resolution and economic interpretation

We use Kuhn-Tucker conditions to determine the values of the Lagrange multipliers associated with the various constraints of the problem. Let ,

π -be the Lagrange multipliers associated with constraints of type ( 5), ( 6), ( 7) and ( 8) respectively. To write the dual relations, we do not explicitly consider the Lagrange multipliers associated with the non-negativity constraints of type ( 3) and ( 4). By applying the Kuhn-Tucker first-order optimality conditions, we obtain the following dual relations:

( 1,...., ) 0 ( 13)

Moreover, projects other than project n m P benefiting from a loan at year n have their constraint (5) active. Equation ( 12) then corresponds to an equality, which allows us to write:

∏

The Lagrange multiplier ,

λ is zero for all projects not benefiting from a loan at year n.

We can now replace the Lagrange multipliers by their respective values in equation ( 13): for a realized project benefiting each year from a loan, this equation is written:

If we assume that the rate , n m n θ remains constant and equal to t over the entire period in question, equation (13) becomes: 

The left-hand-side term of this equation corresponds to formula (2).

Conclusions: theoretical and practical advantages of the method proposed

A first (theoretical) advantage of the generalized ATWACC method is that it allows the financing decision to be decentralized. In fact, maximizing the value of the project or that of the firm leads to the same decision: a loan will be allocated at year 1 nto project u only if , u n t θ ≥ , i.e. if the after-tax cost of this loan is favourable (which results in a positive cash flow). Otherwise, allocating a loan to the project reduces its net present value. As the point of view of the project and that of the firm are consistent, the financing decision can therefore, in theory, be delegated to the project managers.

From a practical standpoint, the generalized ATWACC method 9 is easy to work with, since calculating the projects' cash flows does not depend on the debt ratio, which, at company level, must be complied with for all projects of the same type. Moreover, even if allocation of the debt takes into account qualitative or strategic elements, the generalized ATWACC method remains applicable. Allocation of the debt does not need to be defined exactly; it must merely be possible to determine the marginal loan (over the amount of which the firm has some flexibility).

It should be noted that the tax schemes to which projects outside the Exploration-Production sector are subject are far less variable. In the plausible case where these tax schemes are similar to the ones used to define the firm's marginal cost of debt, the method proposed comes down to the standard WACC method. Its use therefore allows a single criterion for all the business sectors of an oil group, a standard criterion whose use is easier and much more common than that of the BTWACC method.

During the initial studies of a project's profitability, particularly during any discussions between partners, calculations are generally made without considering a loan; in other words, they are based on tables of operating cash flows. Moreover, the ex-post analysis of financial earnings is often conducted by calculating an overall accounting rate of return that concerns all the invested capital (ROCE: Return On Capital Employed). The accounting revenues used for this purpose include neither corresponding interest expense nor tax shields. This ROCE is therefore comparable to an after-tax cost of capital. In addition, an EVA (Economic Value-Added) method is used by defining value creation for a year as the difference between annual accounting revenue (excluding financial items) and capital costs. The latter also include an after-tax average cost of capital. In these cases, the explicit or implicit reference is the standard WACC method and not the BTWACC method. One advantage of the generalized ATWACC method is therefore that it is based on comparable elements.

An adaptation of the BTWACC method, consistent with the generalized ATWACC method, has also been proposed by Babusiaux and Pierru (2001a); however, this method is difficult to use in practice, since calculating a project's cash flow requires knowing the project's debt ratio each year