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Abstract

This article presents a dynamic Generalized Nash-Cournot model to describe the evo-

lution of the natural gas markets. The major players along the gas chain are depicted

including: producers, consumers, storage and pipeline operators, as well as intermediate lo-

cal traders. Our economic structure description takes into account market power and the

demand representation tries to capture the possible fuel substitution that can be made be-

tween the consumption of oil, coal, and natural gas in the overall fossil energy consumption.

We also take into account long-term contracts in an endogenous way, which makes the model

a Generalized Nash Equilibrium problem. We discuss some means to solve such problems.

Our model has been applied to represent the European natural gas market and forecast,

until 2030, after a calibration process, consumption, prices, production, and natural gas de-

pendence. A comparison between our model, a more standard one that does not take into

account energy substitution, and the European Commission natural gas forecasts is carried

out to analyze our results. Finally, in order to illustrate the possible use of fuel substitution,

we studied the evolution of the natural gas price as compared to the coal and oil prices.
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1 Introduction

Quantitativ e studies and mathematical models are necessary to understand the economic and
strategic issues that defi ne energy markets in the w orld. In that v ein, the study of natural gas
markets is p articularly interesting because most of them, p articularly in Europ e, show a high
dep endence on a small number of p roducers ex p orts. A c cording to Mathiesen & al. [32], this
market structure can be analyzed w ith strategic interactions and market p ow er. T his market
p ow er can be ex erted at the diff erent stages of the gas chain: by the p roducers in the up stream
market or the local intermediate traders in the dow nstream market. T he Europ ean markets are
also characterized by long-term contracts established betw een the p roducers and the intermedi-
ate local indep endent traders. T hese long-term contracts w ere initially designed as a risk-sharing
measure betw een p roducers and local traders. T hey are usually analyzed, in p articular, as a tool
to mitigate the p roducers’ market p ow er. T he combination of strategic interactions and long-
term contracts makes the study of the natural gas markets ev olution p articularly subtle and rich.

T he economic literature p rov ides an imp ortant p anel of numerical models w hose objectiv e is
to describe the natural gas trade structure. A s an ex amp le, w e can c ite the " W orld Gas T rade
Model" (B aker Institute) [37], the " EU GA S " model (Cologne U niv ersity) [36], the " GA S T A L E"
model (Energy R esearch Centre of the Netherlands) [30 ] or the " W orld Gas Model" (U niv ersity
of Maryland) ([7], an ex tension of the w ork dev elop ed in [13] and [14]). H ow ev er, most of these
models p resent some necessary simp lifying assump tions concerning either the descrip tion of the
market economic structure or the demand function. F or instance, the " EU GA S " model assumes
p ure and p erfect comp etition betw een the p layers and thus neglects market p ow er to allow a
detailed descrip tion of the infrastructure. T he " GA S T A L E" and " W orld Gas Model" dep ic t
strategic interactions betw een the p layers v ia a Nash-Cournot comp etition and the latter model
also uses ex ogenous long-term contracts. H ow ev er, the former model does not inc lude inv estments
in p roduction or in p ip eline and storage infrastructure. B esides, the demand rep resentation for
all these p rev ious models does not ex p lic itly take into ac count the p ossible substitution betw een
diff erent typ es of fuels (natural gas, oil, and coal, for instance). A ll these draw backs hav e been
analyzed in detail in [39]

T he model w e dev elop , named GaMMES , Gas Market Modeling w ith Energy S ubstitution,
tries to address some of the limitations p rop osed in [39]. It is also based on an oligop olistic
ap p roach of the natural gas markets. T he interaction betw een all the p layers is a Generalized
Nash-Cournot comp etition and w e ex p lic itly take into consideration, in an endogenous w ay, the
long-term contractual asp ects (p rices and v olumes) of the markets. O ur rep resentation of the
demand is new and rich because it inc ludes the p ossible substitution, w ithin the ov erall p rimary
energy consump tion, betw een diff erent typ es of fuels. H ence, in our w ork, w e mitigate market
p ow er ex erted by the strategic p layers: they cannot force the natural gas p rice up freely because
some consumers w ould sw itch to other fuels.

W e study both the up stream and dow nstream stages of the gas chain, w hile modeling the
p ossible strategic interactions betw een all the p layers, through all the stages. T he p roduction side
is detailed at the p roduction node lev el and w e choose a functional form deriv ed from Golombek
[17] for the p roduction costs. W e assume, in our rep resentation that the p roducers sell their gas
through long-term contracts to a set of indep endent traders w ho sell it back to end-users, w here
the Nash-Cournot comp etition is ex erted. S torage and transp ortation asp ects are taken care of
by global regulated storage and transp ortation op erators. P roducers also hav e the p ossibility to
directly target end-users for their sales. B oth p roducers and indep endent traders share market
p ow er. T he long-term contracts are endogenous to our model and this p rop erty (among others)
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makes our formulation a Generalized Nash-Cournot game. T he introduction of non-symmetric
indep endent traders that can ex ert market p ow er in the sp ot markets and contract in the long-
term w ith the p roducers, and are in an oligop olistic comp etition w ith them in the dow nstream
induces a rich, double layer economic structure. T his is a new feature of the descrip tion of the
natural gas trade. It allow s us to rep resent long-term contracts and mitigate the p roducers’
market p ow er.

T he demand side is also detailed. W e use a system dynamics ap p roach [2] in order to model
p ossible fuel substitutions w ithin the fossil p rimary energy demand of a consuming country, be-
tw een the consump tion of coal, oil, and natural gas. T his ap p roach allow s us to deriv e a new
and interesting mathematical functional form for the demand function that inc ludes naturally
the comp etition betw een these. T his p articular new feature of the gas markets descrip tion that
w e hav e introduced in our model induces a fl ex ibility in the gas demand rep resentation. It allow s
us, for ex amp le, to study the sensitiv ity of gas consump tion and p rices ov er the oil and coal p rices.

W e inc lude all the p ossible inv estments in the gas chain (p roduction, infrastructure, etc .)
and make the long-term contracts’ p rices and quantities endogenous to the model using an MCP
(mix ed comp lementarity p roblem) formulation.

T he remaining p arts of the p ap er are as follow s: the fi rst p art is a general descrip tion of the
chosen economic structure rep resentation. A ll the p layers are p resented and are div ided into tw o
categories: the strategic and the non-strategic ones. T he strategic interaction is also detailed
in this p art. T he second p art p resents the notation used and a brief descrip tion of a system
dynamics ap p roach to model the consumers’ behav ior inv estment in coal, oil or natural gas so
that their utility is op timized. T he third p art is dedicated to the mathematical rep resentation
of the markets: the op timization p rograms assoc iated w ith all the strategic and non-strategic
p layers are p resented and discussed. W e also ex p lain in this p art how w e make the long-term
contracts’ p rices and v olumes endogenous to our model. T he nex t p art is an ap p lication of
our model to the Europ ean natural gas trade w here the calibration p rocess and the results are
discussed. A comp arison betw een our model, a more standard one w here the demand does not
take into consideration fuel substitution and the Europ ean Commission natural gas forecast is
carried out in order to comp are betw een the results. T he last p art summarizes the w ork.

2 T h e m ode l

2.1 Economic description

O ur descrip tion of the natural gas markets div ides them into tw o stages.

T he up stream market is rep resented by gas p roducers, each w ith a dedicated trader (ex p ort
div ision) to sell gas to other traders or directly to end-users. A n ex amp le w ould be Gazex p ort
for Gazp rom. T he set of p roducers and dedicated traders is denoted as P .

B esides the market p layers just mentioned, there are a number of indep endent traders w hose
activ ity is to buy gas from the big p roducers (or their traders) and to sell it to the fi nal users in
the dow nstream market. T his typ e of traders inc ludes all the fi rms w hose p roduction is small,
comp ared to their sales (e.g., ED F and GD F -S U EZ 1). T he assoc iated index for these p layers is I.

1G DF-SUEZ produces 4 .4 % of its natual gas supplies [16 ]

3



T he diff erent target markets (the consumers) are div ided into three sectors: p ow er generation,
industrial, and residential, rep resented resp ectiv ely as D1, D2 and D3. H ow ev er, it is easy to
demonstrate that if the sectors do not interact w ith each other (i.e., the diff erent demand curv es
are indep endent), the study of only one sector can easily be generalized to the three. W e w ill
make the assump tion that the diff erent demand curv es do not interact (as an ex amp le, the gas
p rice in the industrial sector does not dep end a priori on the residential p rice), w hich may not
be realistic for some situations. H ence, to simp lify our notation and modeling, w e w ill consider
only one consump tion set D to rep resent each country’s gross natural gas consump tion.

W e assume that each dedicated trader can either establish long-term contracts w ith indep en-
dent traders or sell his gas to the sp ot markets.

T he fi rst situation corresp onds to a gas trade under a fi x ed, contracted p rice, not dep endent
on the quantities sold (in a fi rst ap p rox imation). T hese quantities are also fi x ed by the contract.
T he second situation is characterized by the fact that the sp ot p rice is a consequence of the
comp etition betw een all the traders in the dow nstream markets, v ia a sp ec ifi ed inv erse demand
function.

T he long-term contracts w e consider are modeled as follow s: each p air of p roducer-indep endent
trader hav e to contract, if needed, on a fi x ed v olume that must be ex changed each year, at a
fi x ed p rice. W e allow for seasonal fl ex ibility w ithin a year, for the low -consump tion regimes.
T his descrip tion takes into ac count the basis of the long-term contracts’ T ake-O r P ay-c lauses
[23]. F or comp utational reasons and to keep the model’s formulation simp le, w e do not allow for
annual fl ex ibility of the long-term contract v olumes.

A ll the traders comp ete v ia a Nash-Cournot interaction, during a fi nite number of yearsNum.
T ime w ill be index ed by t ∈ T (fi v e-year time step s) and w e w ill take into ac count seasonality
by distinguishing, for each year t, betw een the off -p eak and p eak seasons. T he seasons w ill be
index ed by M . T hey basically corresp ond to diff erent demand regimes.

More p rec isely, the strategic interaction betw een the p layers is modeled as the follow ing: the
p roducers can sell their gas directly to the end-users in the sp ot markets, or to the indep en-
dent traders v ia long-term contracts. T he indep endent traders buy gas from the p roducers only
v ia these long-term contracts and they can sell gas to all the p ossible sp ot markets. A ll the
p roducers and the indep endent traders are strategic p layers. T hey are in comp etition in the
sp ot markets w here they ex ert market p ow er. T his situation is modeled using a Nash-Cournot
comp etition. A ll the strategic p layers (p roducers and indep endent traders) see the same inv erse
demand function. A ll the markets are liberalized. T herefore, each p roducer can make contracts
w ith all the p ossible indep endent traders and sell gas to all the p ossible sp ot markets. S imilarly,
an indep endent trader can make contracts w ith all the p ossible p roducers and sell gas to all the
p ossible sp ot markets. Each trader can also store gas in all the p ossible storage nodes, if the
storage cap ac ity is suffi c ient.
T he comp etition in the up stream is not rep resented as an oligop oly (unlike some models like
[30 ]). Indeed, w e do not model the p ossible traders’ demand functions that can be considered, a
priori, by the p roducers in their op timization p rograms. T he up stream activ ity, w hich is dom-
inated by long-term contracts, is modeled w ith a sup p ly/ demand equilibrium in the long-term
betw een the p roducers and the indep endent traders. T he corresp onding long-term contract p rice
is issued from the sup p ly/ demand equality constraints’ dual v ariables.

S ince the model is dynamic , w e need to take care of p ossible cap ac ity inv estment. F or
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infrastructure-related cap ac ity, this corresp onds to additional installed cap ac ities. R egarding
the p roduction, w e do not ex p lic itly model ex p loration activ ities, because of a lack of geologi-
cal data. T herefore, w e assume that inv estments only increase the ex traction cap ac ity. W e also
make the model conserv ativ e as w e do not endogenously consider p ossible additional reserv es due
to ex p loration activ ities. T herefore, a gas-p roduc ing fi rm may w ant to increase its p roduction
cap ac ity by inv esting if this w ould lead to an increase of its rev enue.
W e take into consideration the dep rec iation of the p roduction cap ac ity in the up stream side of
the market by introduc ing a dep rec iation factor p er time unit at each p roduction node: depf . T o
simp lify the model (and because of a lack of data concerns), w e dec ided not to take into ac count
the transp ort or storage cap ac ity dep rec iations.

T he main adv antage of the GaMMES model is that it takes into ac count, in an endogenous
w ay, long-term contracts betw een the indep endent traders and the p roducers. O bv iously, this
rep resentation is quite realistic for the natural gas trade since the latter is still dominated by
long-term selling/ p urchase p rices and v olumes. In 20 0 4 the long-term contracts’ imp orts rep re-
sented more than 46% of the Europ ean natural gas consump tion and 80 % of the total Europ ean
imp orts [9] and [24]. A nother adv antage inherent to our descrip tion is that the inv erse demand
function ex p lic itly takes into consideration the p ossible substitution betw een consump tion for
natural gas and the comp eting fuels.

Considering the energy substitutions in the natural gas demand mitigates the market p ow er
that can be ex erted by all the strategic p layers in the end-use markets. Indeed, this is due to the
fact that the consumers hav e the ability to reduce the natural gas share in their energy mix es
if the market p rice for natural gas is much higher than the substitution fuel’s (such as oil and
coal) p rice. T herefore, the p roducers may not hav e much incentiv e to reduce their natural gas
p roduction in order to force the p rice up . T his model p rop erty allow s us to take into ac count the
natural gas p rice dep endence on oil and coal p rices. Indeed, the Nash-Cournot interaction w ill
link the natural gas p rice to the coal and oil p rices because of the demand function dep endence
on these p arameters.

In order to take into consideration the intra and ex tra-Europ ean p hysical netw ork of the
transp ort and distribution netw orks, w e need to introduce a p ip eline op erator w hose role is to
minimize the transmission costs ov er all the arcs of the top ology. W e denote by N the set of
all the nodes inc luding the p roduction nodes, the consuming markets, and the storage nodes.
A dded to the transp ort cost minimization objectiv e, the p ip eline op erator also has the p ossibility
to make inv estments in order to increase the arc cap ac ities, if necessary.

A ll the arc transp ort costs are ex ogenous to the model. T he congestion p rices are taken into
consideration endogenously: they can be obtained by comp uting the dual v ariables corresp ond-
ing to the infrastructure cap ac ity constraint. T he set of all these arcs is A. A n arc can either be
a p ip eline or an L NG route.

In order to be able to meet high lev els of consump tion, w e assume that the indep endent
traders hav e ac cess to a set of storage nodes to store natural gas in the off -p eak season, and
w ithdraw it in the p eak one. O bv iously, they hav e to sup p ort a cap ac ity reserv ation, storage,
w ithdraw al, and transp ort costs. A ll the storage nodes, index ed by the set S, are managed by a
global storage op erator p layer. T his p layer can inv est in order to increase the storage cap ac ity
of each storage node.

B oth the p ip eline and the storage op erators are assumed not to hav e market p ow er. T he
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storage and transp ort costs are hence ex ogenous to the model. T he strategic p layers are there-
fore the p roducers/ dedicated traders and the indep endent traders. O bv iously, this assump tion
is an imp ortant simp lifi cation of reality, w here market p ow er can also be ex erted by the storage
and p ip eline op erators. H ow ev er, it is consistent w ith w hat can be found in the literature [7], [30 ].

T he storage cost, w hich is assumed to be sup p orted by the indep endent traders, is rep resented
using cap ac ity reserv ation and storage/ w ithdraw al costs. W e consider that the av erage time for
the storage inv estments to be realized is delays years (fi v e years). T he situation is similar for
the infrastructure (delayi) and p roduction cap ac ity inv estments (delayp) costs sup p orted by the
p ip eline op erator and the p roducers.

2.2 N ota tion

T he units chosen for the model are the follow ing: quantities in toe (i.e., T on O il Equiv alent) or
B cm and unit p rices in $ / toe or $ / cm. T he follow ing table summarizes the notation chosen for
the ex ogenous p arameters and the endogenous v ariables.
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E x og en ou s fa c tors

P set of p roducers-dedicated traders
I set of indep endent traders
D set of gas consuming countries in the dow nstream market

(no distinction betw een the sectors) D ⊂ N
T time T = {0, 1, 2, ..., Num}
M set of seasons. O ff -p eak (low -consump tion) and p eak (high-consump tion) regimes
F set of all the gas p roduction nodes. F ⊂ N
N set of the nodes
S set of the storage nodes S ⊂ N
A set of the arcs (top ology)
Rff p roduction node f ’s total gas resources (endow ment)
Kff p roduction node f ’s initial cap ac ity of p roduction, year 0
L ff p roduction node f ’s max imum increase of the p roduction cap ac ity (in % )
Ics injection marginal cost at storage node s (constant)
W cs w ithdraw al marginal cost at storage node s (constant)
Rcs reserv ation marginal cost at storage node s (constant)
L ss storage node s’s max imum increase of the storage cap ac ity (in % )
Pcf p roduction cost function, p roduction node f
Tca transp ort marginal cost through arc a (constant)
Tka p ip eline initial cap ac ity through arc a, year 0
Kss initial storage cap ac ity at node s, year 0
Iss inv estment marginal costs in storage (constant)
Ipf inv estment marginal costs in p roduction (constant)
Ika inv estment marginal costs in p ip eline cap ac ity through arc a (constant)
L aa arc a’s max imum increase of the transp ort cap ac ity (in % )
O inc idence matrix ∈ MF×P . Ofp = 1 if and only if p roducer p ow ns p roduction node f
B inc idence matrix ∈ MI×D. Bid = 1 if and only if trader i is located at the consump tion node d
M1 inc idence matrix ∈ MF×N . M1fn = 1 if and only if node n has p roduction node f
M2 inc idence matrix ∈ MI×N . M2in = 1 if and only if trader i is located at node n
M3 inc idence matrix ∈ MD×N . M3dn = 1 if and only if node n has market d
M4 inc idence matrix ∈ MS×N . M4sn = 1 if and only if node n has storage node s
M5 inc idence matrix ∈ MA×N . M5an = 1 if and only if arc a starts at node n
M6 inc idence matrix ∈ MA×N . M6an = 1 if and only if arc a ends at node n
H max imum value for the quantities p roduced and consumed

W e could hav e used diff erent up p er bounds for the diff erent v ariables. H ow ev er, to simp lify the
notation, w e w ill use the same value H.

flf p roduction node f ’s fl ex ibility: the max imum modulation
betw een p roduction during off -p eak and p eak seasons

minpi p ercentage of the minimum quantity that has to be ex changed on the long-term contract trade
betw een i and p

δ discount factor
delays,i,p p eriod of time necessary to undertake the technical inv estments
lossa loss factor through arc a
depf dep rec iation factor of the p roduction cap ac ity at p roduction node f

7



E n dog en ou s v a ria b les

xtmfpd quantity of gas p roduced by p from p roduction node f for the end-use market d, year t, season m

in B cm
zptmfpi quantity of gas p roduced by p from p roduction node f dedicated to a long-term contract

w ith trader i, year t, season m
in B cm

zitmpi quantity of gas bought by trader i from p roducer p w ith a long-term contract

year t, season m
in B cm

uppi quantity of gas sold by p roducer p to trader i w ith a long-term contract, each year
in B cm

uipi quantity of gas bought by trader i from p roducer p on a long-term contract, each year
in B cm

ytmid quantity of gas sold by i to the market d, year t, season m
in B cm

iptfp p roducer p’s increase of p roduction node f ’s p roduction cap ac ity, due to inv estments in p roduction

year t, in B cm/ time unit
qtmfp p roduction of p roducer p from p roduction node f , year t, season m

in B cm
ptmd market d’s gas p rice, result of the Cournot comp etition betw een all the traders, year t, season m

in $ / cm
ηpi long-term contract p rice contracted betw een p roducer p and trader i

in $ / cm
rtis amount of storage cap ac ity reserv ed by trader i at node s, year t

in B cm

intis v olume injected by trader i at storage node s, year t
in B cm

ists increase of storage cap ac ity at node s, year t due to the storage op erator inv estments
in B cm/ time unit

ikta increase of the p ip eline cap ac ity through arc a, year t, due to the T S O inv estments
in B cm/ time unit

fptmpa gas quantity that fl ow s through arc a from p roducer p

year t, season m
in B cm

fitmia gas quantity that fl ow s through arc a from trader i
year t, season m
in B cm

τ tma the dual v ariable assoc iated w ith arc a cap ac ity constraint
year t, season m
in $ / cm. It rep resents the congestion transp ortation cost ov er arc a

T he table is div ided into tw o p arts. T he up p er half rep resents the ex ogenous p arameters or
functions w hereas the low er half rep resents the diff erent dec ision v ariables and the inherent retail
p rices.
T he indices p, d, i, f , n, s, a, m and t are such that p ∈ P , d ∈ D, i ∈ I f ∈ F , n ∈ N , s ∈ S,
a ∈ A, m ∈M and t ∈ T .
T he long-term contract betw een p roducer p and trader i fi x es both a unit selling p rice and an
amount to be p urchased by the indep endent trader i each year from p roducer p. B oth p rice and
quantity w ill be sp ec ifi ed endogenously by the model.
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Matrix O is such that Ofp = 1 if p roducer p ow ns p roduction node f and Ofp = 0 otherw ise.

F igure 1 rep resents a schematic ov erv iew of GaMMES .

F igure 1:
The market representation in GaMMES

2.3 T h e inv erse demand fu nction

W e need to sp ec ify a functional form for the inv erse demand function, w hich links the p rice
pd at market d to the quantity brought to the market. Most of the natural gas models [37],
[36], [30 ], [7] do not take into account fuel substitution. L et h be the sp ec ifi c inv erse demand
function. W e assume that the long-term contract quantities do not directly infl uence the market
comp etition p rice, w hich is to say that ptmd = h(

∑

i y
t
mid +

∑

f

∑

p x
t
mfpd). (A c tually, this

assump tion is necessary to guarantee the concav ity of the objectiv e functions of each strategic
p layer’s max imization p roblem, regardless of the quantities dec ided by the other comp etitors.
O therw ise, this assump tion can be drop p ed if linear functions are used.)
A s mentioned in the introduction, w e w ant to cap ture the inter-fuel substitution in the fossil
p rimary energy consump tion. T o be able to do so, w e used a system dynamics ap p roach that
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models the behav ior of the consumers w ho hav e to dec ide w hether to inv est in new technologies
that use either oil, coal or natural gas. O ur model, based on the w ork p resented in [35], is fully
dev elop ed in [2]. A p p endix 1 giv es more information about this model. T he main result that w ill
be used in this p ap er is as follow s: if w e denote by Qt

md the total quantity
∑

i y
t
mid+

∑

f

∑

p x
t
mfpd

that is brought to the sp ot market d at seasonm of year t, the system dynamics ap p roach p rov ides
the follow ing inv erse demand function:

ptmd = pctmd +
1

γt
md

atanh
(

αt
md

+βt
md

−Qt
md

αt
md

)

if Qt
md ≥ βtmd +

αt
md

βt
md

αt
md

+βt
md

p′ctmd +
1

γ′t
md

atanh
(

α′t
md

+β′t
md

−Qt
md

α′t
md

)

if Qt
md ≤ βtmd +

αt
md

βt
md

αt
md

+βt
md

(1)

w here the p arameters α, β, γ and pc, w hich are time- and season-dep endent must be calibrated.
Qt

md is the gross gas consump tion in market d at year t and season m and ptmd is the corresp ond-
ing gas market p rice. Note that this function links the gas p rices and v olumes in the sp ot markets.

T he distinction betw een the domains Qt
md ≥ βtmd +

αt
md

βt
md

αt
md

+βt
md

and Qt
md ≤ βtmd +

αt
md

βt
md

αt
md

+βt
md

is

needed to take into ac count the antic ip ated scrap p ing of burners 2 and av oids absurd situations
w here the p rice rises tow ards +∞ (and also to guarantee the concav ity of the objectiv e functions).
T he sp litting of the domains is not restric tiv e for p ractical ap p lications. T he p arameters α′, β′,
γ′ and p′c are calculated to ensure the continuity of h and its deriv ativ e h′.

T he function atanh is such that:

∀x ∈ (−1, 1) atanh(x) =
1

2
ln

(

1 + x

1− x

)

T he follow ing table giv es the v alues of the inv erse demand function p arameters, for the p ri-
mary natural gas consump tion in year 20 0 3 in F rance, Germany, Italy, the U K , B elgium, and
the Netherlands. T he natural gas v olumes in 20 0 2 are ex ogenous.

P arameters F rance Germany Italy U K B elgium T he Netherlands

β(×103ktoe) 22.87 43.70 41.28 41.88 22.89 23.49

α(×103ktoe) 2.76 4.00 3.60 2.80 2.76 1.05

pc($/toe) 172.5 242.9 268.3 175.8 230.4 217.5

γ(×10−2($/toe)−1) 0.72 0.98 0.96 1.00 1.48 0.88

β′(×103ktoe) 0.00 0.00 0.00 0.00 0.00 0.00

α′(×103ktoe) 13.20 24.67 23.23 23.18 13.20 12.81

p′c($/toe) 350.8 404.1 441.2 379.5 316.6 549.1

γ′(×10−2($/toe)−1) 0.96 1.03 0.96 0.79 1.99 0.48

F igure 2 giv es the demand function shap e (i.e., the v ariation of the quantity Qd ov er the
p rice pd in a giv en market). Note that w e p referred show ing the demand function rather than
the inv erse demand function for more c larity.

W e take ac count of the antic ip ated scrap p ing of burners to av oid situations w here the quan-
tity does not conv erge tow ards 0 w hen the p rice is v ery high. O bv iously, such situations p rov ide
demand functions that cannot be used in Nash-Cournot comp etition modeling. H ence, w e dis-
tinguish betw een tw o domains of the demand function, regarding w hether w e are in a standard
scrap p ing regime or the antic ip ated scrap p ing one. T his distinction is c learly show n in equation

(1). A lso, F igure 2 show s the diff erence betw een the domains: Qt
md ≥ βtmd +

αt
md

βt
md

αt
md

+βt
md

(stan-

dard scrap p ing of burners) and Qt
md ≤ βtmd +

αt
md

βt
md

αt
md

+βt
md

(antic ip ated scrap p ing of burners). T he

2W e w ill call b urner a technology that can use either coal, oil or natural gas. Note that our approach concerns
the primary natural gas consumption (not only the electricity generation demand).
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Standard scrapping of 

burners
Anticipated scrapping of 

burners

ktoe

$/toe

F igure 2:
The demand function

infl ection p oint of the demand function, w hich is show n in F igure 2, is the p arameter pctmd. It
rep resents a comp etitiv e p rice, regarding the consump tion of natural gas. It is an aggregation of
the oil and coal p rices and can be seen as a threshold for the gas p rice that determines w hether
natural gas is a comp etitiv e fuel or not. T his feature cap tures the p ossible fuel substitution in
the natural gas inv erse demand function. B esides, F igure 2 show s that the domains distinction
and the calibration of the (inv erse) demand function ensures its continuity and diff erentiability.

A s mentioned in the economic descrip tion of the markets, w e need to distinguish betw een
the off -p eak/ p eak season p arameters of the inv erse demand function. B esides, as ex p lained in
A p p endix 1, to calibrate the demand function for the future, w e need to sp ec ify a scenario for
the fossil p rimary energy demand and the oil and coal market p rices, that are considered as
ex ogenous by GaMMES . O ur system dynamics ap p roach [2] w ill allow us to understand how the
fossil demand is going to be shared betw een the consump tion of the three fuels.

2.4 T h e ma th ema tica l description

T his section details the mathematical descrip tion of our model. It p resents the op timization
p roblems of all the sup p ly chain p layers. Note that the dual v ariables are w ritten in p arentheses
by their assoc iated constraints.

P roducer p’s max imization p rogram is giv en below . T he corresp onding dec ision v ariables are
zptmfpi, x

t
mfpd, ip

t
fp, q

t
mfp and uppi. A p roducer can ex tract natural gas from all the p ossible

p roduction nodes he ow ns. H e can sell gas to the indep endent traders v ia long-term contracts
or directly target the sp ot markets, w here a Nash-Cournot comp etition is ex erted, betw een him,
the other p roducers, and the indep endent traders. H e p ays the transp ortation costs necessary
to bring gas to the indep endent traders’ location (for the L T Cs sales) or the sp ot markets (for
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the sp ot markets sales). P roduction inv estments are also considered.

Max
∑

t,m,f,i

δtηpi(zp
t
mfpi)

+
∑

t,m,f,d

δt
(

ptmd(x
t
mfpd + xtmfpd)

)

xtmfpd

−
∑

t,f

δtPcf





∑

t′≤t

∑

m

qt
′

mfp, Rff





+
∑

t,f

δtPcf

(

∑

t′< t

∑

m

qt
′

mfp, Rff

)

−
∑

t,f

δtIpf ip
t
fp

−
∑

t,m,p,a

δt((Tca + τ tma)fp
t
mpa)

such that:

∀t, f,
∑

p

∑

t′≤t

∑

m

qt
′

mfp −Rff ≤ 0 (φtf ) (2a)

∀t, f, m,
∑

p

qtmfp −Kff (1− depf )
t

−
∑

p

∑

t′≤t−delayp

ipt
′

fp(1− depf )
t−t′ ≤ 0 (χt

mf ) (2b)

∀t, m, f, − qtmfp +

(

∑

i

zptmfpi +
∑

d

xtmfpd

)

≤ 0 (γtmfp) (2c)

∀t, f
∑

m

∑

p

((−1)mqtmfp)− flf ≤ 0 (ϑ1tf ) (2d)

∀t, f, −
∑

m

∑

p

((−1)mqtmfp)− flf ≤ 0 (ϑ2tf ) (2e)
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∀t, f, d, m, xtmfpd −OfpH ≤ 0 (ε1tmfpd) (3a)

∀t, f, i, m, zptmfpi −OfpH ≤ 0 (ε2tmfpi) (3b)

∀t, f, m, qtmfp −OfpH ≤ 0 (ε3tmfp) (3c)

∀t, f, iptfp −OfpH ≤ 0 (ε4tfp) (3d)

∀t, f,
∑

p

iptfp − L ffKff (1− depf )
t

− L ff
∑

p

∑

t′≤t−delayp

ipt
′

fp(1− depf )
t−t′ ≤ 0 (ιptf ) (3e)

∀t, m, n,
∑

a

M6anfp
t
mpa(1− lossa)−

∑

a

M5anfp
t
mpa

+
∑

f

M1fnq
t
mpf −

∑

d

∑

f

M3dnx
t
mfpd

−
∑

i

∑

f

M2inzp
t
mfpi = 0 (αptmpn) (3f)

∀t, i, uppi −
∑

f,m

zptmfpi = 0 (ηptpi) (3g)

∀ i, uipi − uppi = 0 (ηpi) (3h)

∀t, m, d, i, f, zptmfpi, x
t
mfpd, ip

t
fp, q

t
mfp, uppi ≥ 0

W e denote by xtmfpd the total amount of gas brought in year t, season m to the market d
by all the p layers diff erent from p roducer p. H ence, the total quantity brought to the market
Qt

dm =
∑

i y
t
mid +

∑

f

∑

p x
t
mfpd w ill be denoted Qt

dm = xtmfpd + xtmfpd in order to c learly show

the strategic interaction and the dep endence of Qt
dm ov er xtmfpd (p roducer p’s dec ision v ariable).

U sing this notation, the K K T conditions w ill w ritten more easily.
T he term

∑

t,m,f,i

δtηpi(zp
t
mfpi) +

∑

t,m,f,d

δt
(

ptmd(x
t
mfpd + xtmfpd)

)

xtmfpd

is the rev enue, w hich is obtained from the sales on the long-term contracts sales to the indep en-
dent traders or directly from the retail markets.
T he term

∑

t,m,p,a

δt((Tca + τ tm,a)fp
t
mpa)

is the transp ort and congestion costs charged by the p ip eline op erator to p roducer p. T he dual
v ariable τ tma is assoc iated w ith the p ip eline cap ac ity constraint through the arc a. It rep resents
the congestion p rice on the corresp onding p ip eline (see the transp ort op erator op timization
p roblem for a more ex p lanation).
T he term

∑

t,f

δtIpf ip
t
fp

is the inv estment cost in p roduction at the diff erent p roduction nodes.
T he term

∑

t,f

δt



Pcf





∑

t′≤t

∑

m

qt
′

mfp, Rff



− Pcf

(

∑

t′< t

∑

m

qt
′

mfp, Rff

)
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is the actualized p roduction cost. T his term’s ex p lanation is as follow s:
T he p roduction cost (at p roduction node f) Pcf dep ends on tw o v ariables, the total quantity
p roduced, w hich w ill be denoted q and the natural gas resources Rff . T he Golombek p roduction
cost function w e used is as follow s:

∀q ∈ [0, Rff ), P cf (q,Rff ) = afq + bf
q2

2
− Rffcf

(

Rff − q

Rff
ln

(

Rff − q

Rff

)

+
q

Rff

)

(4)

or if w ritten for the marginal p roduction cost

∀q ∈ [0, Rff ),
dPcf
dq

= af + bfq + cf ln

(

Rff − q

Rff

)

(5)

In our model, the p roduction cost function is dynamic . T he gas v olume av ailable to be
ex tracted is dynamically reduced at each p eriod, taking into ac count the ex haustiv ity of the
resource.
If at year 1, the p roduction is q1 and at year 2 q2, the total cost is thus:

cost = Pcf (q1, RE Sf ) + δ(Pcf (q1 + q2, RE Sf )− Pcf (q1, RE Sf ))

H ence, to estimate that cost at year t, w e need to calculate the p roduction cost of the sum ov er
all the ex tracted v olumes until year t and subtract the cost w e hav e at year t− 1.

T he ex p lanation of the constraints is straightforw ard:
T he constraint (2a) bounds each p roduction node’s p roduction by its reserv es.
T he constraint (2b) bounds the seasonal quantities p roduced by each p roduction node’s p ro-
duction cap ac ity, ex p lic itly taking into ac count the diff erent dynamic inv estments. T he total
installed p roduction cap ac ity decreases w ith time because of the p roduction dep rec iation factor
depf .
T he constraint (2c) states that the total p roduction must be greater than the sales (to the
long-term and sp ot markets). T he constraints (2d) and (2e) can be rew ritten as follow s:

∀t, f |
∑

m

((−1)m
∑

p

qtmfp)| ≤ flf

T his fi x es a max imum sp read betw een the off -p eak/ p eak p roduction at each p roduction node.
(−1)m is equal to 1 in the off -p eak season and -1 in the p eak season.
T he constraint (3f) is a market-c learing condition at each node, regarding the fl ow s from p ro-
ducer p dep ending on w hether this node is a p roduction node, an indep endent trader location or
a demand market.
T he constraint (3e) bounds the cap ac ity ex p ansion of each p roduction node f : each year, the
inv estment dec ided to increase the p roduction cap ac ity is less than 100 × L ff p ercent the in-
stalled cap ac ity at that year. A historical study of the cap ac ity ex p ansion of some p roduction
nodes allow ed us to calibrate the v alue of L ff : L ff = 0.20.
T he constraint (3g) equates the sales of p roducer p for the long-term contracts to the contracted
v olume uppi, each year.
T he constraint (3h) describes the follow ing: F or each p air of p roducer/ indep endent trader (p, i),
the gas quantity sold by p in the long-term contract market must be equal to the gas quantity
p urchased by i. T herefore, this is a sup p ly/ demand equation in the long-term contracts mar-
ket. T he assoc iated dual v ariable ηpi is the corresp onding contract unit selling/ p urchase p rice,
because w e do not assume the ex istence of market p ow er in the long-term contract trade. U sing
this technique, it is p ossible to make the long-term contracts p rices and v olumes endogenous to
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the descrip tion so that they become an outp ut of the model.
T he constraint (and the similar other ones) (3a) allow s p roducer p to use only the p roduction
nodes he ow ns (for p roduction, inv estments, sales, etc .). W e recall that the inc idence matrix O
is such as Ofp = 1 if and only if p roducer p ow ns p roduction node f .

Indep endent trader i’s max imization p rogram is giv en below . T he corresp onding dec ision v ari-
ables are zitmpi, y

t
mid, r

t
is, in

t
is and uipi. T he indep endent trader buys gas only from the p roducers

v ia long-term contracts. T he sales are dedicated to all the sp ot markets, w here trader i is in an
oligop olistic comp etition w ith the other indep endent traders and the p roducers. H e can store
his gas in all the diff erent storage nodes w hile sup p orting cap ac ity reserv ation, storage and w ith-
draw al costs. H e also has to sup p ort the transp ortation costs to bring gas to the sp ot markets
or to store/ w ithdraw it.

Max
∑

t,m,d

δt
(

ptmd(y
t
mid + ytmid)y

t
mid

)

−
∑

t,p,m

δt
(

ηpizi
t
mpi

)

−
∑

t,s

δt
(

Rcsr
t
is

)

−
∑

t,s

δt
(

(Ics + W cs)in
t
is

)

−
∑

t,m,i,a

δt
(

Tca + τ tma

)

fitmia

such that:

∀t, m,
∑

p

zitmfpi −

(

∑

d

ytmid + (−1)m
∑

s

intis

)

= 0 (ψt
mi) (6a)

∀t, s, intis − rtis ≤ 0 (µtis) (6b)

∀t, m, n,
∑

a

M6anfi
t
mia(1− lossa)−

∑

a

M5anfi
t
mia

−
∑

d

M3dny
t
mid +

∑

p

M2inzi
t
mpi

− (−1)m
∑

s

M4snin
t
is = 0 (αitmin) (6c)

∀t, p, uipi −
∑

m

zitmpi = 0 (ηitpi) (6d)

∀ p, uipi − uppi = 0 (ηpi) (6e)

∀t, m, p, − zitmpi +minpi
∑

m

zitmpi ≤ 0 (υtmpi) (6f)

∀t, s,
∑

i

rtis −Kss −
∑

t′≤t−delays

ist
′

s ≤ 0 (βsts) (6g)

∀t, m, s, d, zitmpi, y
t
mid, r

t
is, in

t
is, uipi ≥ 0

W e denote by ytmid the total amount of gas brought in year t, season m to the market d
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by all the p layers diff erent from trader i. H ence, the total quantity brought to the market
Qt

dm =
∑

i y
t
mid +

∑

f

∑

p x
t
mfpd w ill be denoted Qt

dm = ytmid + ytmid in order to c learly show the

strategic interaction and the dep endence of Qt
dm ov er ytmid (trader i’s dec ision v ariable). U sing

this notation, the K K T conditions w ill be w ritten more easily. Note that the p roducers and
indep endent traders see the same inv erse demand function in the sp ot markets. T he notation w e
hav e chosen imp lies that:

∀p, i, d, t, m, Qt
dm =

∑

i

ytmid +
∑

f

∑

p

xtmfpd = ytmid + ytmid = xtmfpd + xtmfpd‘ (7)

T he term
∑

t,m,d

δt
(

ptmd(y
t
mid + ytmid)y

t
mid

)

−
∑

t,p,m

δt
(

ηpizi
t
mpi

)

is the net p rofi t.
T he term

∑

t,s

δt
(

Rcsr
t
is

)

is the storage cap ac ity reserv ation cost.
T he term

∑

t,s

δt
(

(Ics + W cs)in
t
is

)

are the storage/ w ithdraw al costs. 3

T he term
∑

t,m,i,a

δt
(

Tca + τ tma

)

fitmia

is the transp ort and congestion costs charged by the p ip eline op erator from the indep endent
trader i.

A s for the feasibility set, it is also easy to sp ec ify:
T he constraint (6a) is a gas quantity balance for each trader. T he term (−1)m is equal to 1 in
the off -p eak season and -1 otherw ise. A n imp lic it assump tion w e use in our descrip tion is that
all the storage nodes must be " emp ty" (regardless of the w orking gas quantitities) at the end of
each year.
T he equation (6b) imp lies that each indep endent trader has to p ay for a storage reserv ation
quantity, each year and at each storage node s, to be able to store his gas.
T he constraint (6d) forces each trader to p urchase the same quantity, in long-term contracts
from each p roducer and year.
T he constraint (6e) is similar to the constraint (3h) of the p roducers’ op timization p rogram.
F or each p air of p roducer/ indep endent trader (p, i), the gas quantity sold by p in the long-
term contract market must be equal to the gas quantity p urchased by i. T herefore, this is a
sup p ly/ demand equation in the long-term contracts market. T he assoc iated dual v ariable ηpi is
the corresp onding contract unit selling/ p urchase p rice, because w e do not assume the ex istence
of market p ow er in the long-term contract trade. U sing this technique, it is p ossible to make the
long-term contracts p rices and v olumes endogenous to the descrip tion so that they become an
outp ut of the model.
T he constraint (6f) fi x es a minimum p ercentage of the annual contracted v olume minpi that has

3T here are no storage losses in the model. T hey can easily b e taken into account b y increasing the transporta-
tion losses of the arcs that start at the storage nodes.

16



to be ex changed betw een p and i each season of each year.
T he constraint (6g) is a storage constraint ex p ressed at each storage node, taking into ac count
the inv estments dec ided by the storage op erator.

O n the transp ortation side of our model, w e w ill assume that the p roducers p ay the transp ort
costs to bring natural gas from the p roduction nodes to the indep endent traders’ locations and
the end-use markets. T he traders sup p ort the transp ort costs to store/ w ithdraw gas or bring it
to the end-users for their sales.

T he p ip eline op erator op timization (cost minimization) p rogram is giv en below . T he corre-
sp onding dec ision v ariables are fptmpa, fi

t
mia and ikta. T he p iep line op erator minimizes the total

transp ortation, congestion, and cap ac ity inv estments costs.

Min
∑

t,m,a

δt
(

Tca + τ tma

)

∑

p

fptmpa

+
∑

t,m,a

δt
(

Tca + τ tma

)

∑

i

fitmia

+
∑

t,a

δtIkaik
t
a

such that:

∀t, m, a,
∑

p

fptmpa +
∑

i

fitmia −



Tka +
∑

t′≤t−delayi

ikt
′

a



 ≤ 0 (τ tma) (8a)

∀t, a, ikta − L aa



Tka + L aa
∑

t′≤t−delayi

ikt
′

a



 ≤ 0 (ιata) (8b)

∀t, m, p, n,
∑

a

M6anfp
t
mpa(1− lossa)−

∑

a

M5anfp
t
mpa

+
∑

f

M1fnq
t
mpf −

∑

d

∑

f

M3dnx
t
mfpd

−
∑

i

∑

f

M2inzp
t
mfpi = 0 (αptmpn) (8c)

∀t, m, i, n,
∑

a

M6anfi
t
mia(1− lossa)−

∑

a

M5anfi
t
mia

−
∑

d

M3dny
t
mid +

∑

p

M2inzi
t
mpi

− (−1)m
∑

s

M4snin
t
is = 0 (αitmin) (8d)

∀t, m, a, p, i, fptmpa, fi
t
mia, ik

t
a ≥ 0

T he objectiv e function contains both the transp ort/ congestion and inv estment costs.
T he congestion cost through arc a, τ tma, is the dual v ariable assoc iated w ith the constraint (8a).
T his constraint concerns the p hysical seasonal cap ac ity of arc a, inc luding the p ossible time-
dep endent inv estments.
T he constraint (8b) bounds the cap ac ity ex p ansion of each arc a: each year, the inv estment
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dec ided to increase the transp ort cap ac ity is less than 100 × L aa p ercent the installed cap ac ity
at that year. In GaMMES , w e used the v alue L aa = 0.2.
T he other constraints are market-c learing conditions at each node, dep ending on w hether this
node is a p roduction node, an indep endent trader location, a demand market or a storage node
and dep ending on w hether the transp ortation costs are sup p orted by the p roducers or the inde-
p endent traders.
W e consider both p ip eline and L NG routes for transp ort. T he liquefaction and regasifi cation
costs are inc luded in the transp ortation cost on the L NG arcs. W e assume, in our rep resentation
that the p hysical losses oc cur at the end nodes of the arcs.

T he storage op erator op timization (cost minimization) p rogram is giv en below . T he corresp ond-
ing dec ision v ariable is ists. T he storage op erator minimizes the total op erational and cap ac ity
inv estments costs.

Min
∑

t,s

δtIssis
t
s +

∑

t,i,s

δt(Ics + W cs)in
t
is +

∑

t,i,s

δtRcsr
t
is

such that:

∀t, s,
∑

i

rtis −Kss −
∑

t′≤t−delays

ist
′

s ≤ 0 (βsts) (9a)

∀t, s, ists − L ssKss − L ss
∑

t′≤t−delays

ist
′

s ≤ 0 (ιsts) (9b)

∀t, s, ists ≥ 0

T he storage op erator minimizes the total op eration cost that inc ludes inv estment, storage,
w ithdraw al and storage cap ac ity reserv ation costs. H is dec ision v ariable is ists, w hich means that
he only controls the diff erent inv estments that dynamically increase the storage cap ac ity of each
storage node. T he incentiv e this p layer has to inv est is due to the constraint he must satisfy: the
cap ac ity av ailable at each storage node must be suffi c ient to meet the v olumes the indep endent
traders hav e to store each year in the off -p eak season. Cap ac ity ex p ansion is bounded and w e
used the v alue L ss = 0.2.

If w e take a c loser look at the op timization p rogram of a p roducer, w e w ill notice that his
feasibility set dep ends on the dec ision v ariables of the indep endent traders. A lso, the feasibility
set of any indep endent trader’s op timization p rogram dep ends on the p roducers’ dec ision v ari-
ables. T he situation is similar for the p ip eline and storage op erators. T his p articularity makes
our formulation (the K K T conditions) a G en era lized N a sh -C ou rn ot p rob lem. S imilarly,
the Generalized Nash-Cournot p roblem can also be formulated as a Quasi Variational Inequality
p roblem (QVI). In order to solv e our p roblem, w e look for the p articular solution that makes our
p roblem a VI formulation [19]. More details about the VI solution search are giv en in S ection 2.5.

T he concav ity of all the p layers’ objectiv e functions is giv en in A p p endix 2.
W hen the K K T conditions are w ritten, w e obtain the Mix ed Comp lementarity P roblem giv en in
A p p endix 3.
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2.5 T h e (Q u a si)-V a ria tiona l Ineq u a lity a nd G enera lized N a sh -C ou rnot g ames

In this section, w e recall H arker’s result [19] in order to understand how to theoretically solv e a
Generalized Nash-Cournot p roblem.

A standard Nash-Cournot p roblem is a set of op timization p rograms w here some of the p layers
can infl uence other p layers’ p ayoff v ia the objectiv e functions. In a Generalized Nash-Cournot
formulation, some p layers can also change the feasibility sets of other p layers, v ia their dec ision
v ariables. In our p articular model, if w e consider an indep endent trader i, the constraint

∀ p, i, uipi = uppi

contains the p roducers’ dec ision v ariables uppi. T hese dec ision v ariables infl uence trader i’s
feasibility set. T he situation is symmetric for the p roducers. More generally, our double-layer
economic structure makes the p roducers and indep endent traders infl uence each-other’s feasibil-
ity sets. T his is p rinc ip ally due to the formulation of the long-term contracts that are issued
from a sup p ly/ demand equilibrium constraint.

A VI (Variational Inequality) p roblem can be formulated as follow s: giv en a set K ∈ R
n and

a map p ing F : K −→ R
n, fi nd x∗ ∈ K s.t.

∀y ∈ K, F (x∗)t(y − x∗) ≥ 0

It is straightforw ard that a standard Nash-Cournot p roblem can be ex p ressed as a VI formu-
lation if the objectiv e functions are diff erentiable (is suffi ces to w rite the necessary and suffi c ient
conditions on the gradient of the objectiv e functions that characterize the op timum).

A QVI (Quasi-Variational Inequality) p roblem adds mix ed constraints [11]. Giv en n p oint-
to-set map p ings Ki : Rn −→ R, i ∈ {1, 2...n} and F : Rn −→ R

n, fi nd x∗ ∈ R
n s.t. ∀i ∈

{1, 2...n} x∗i ∈ Ki(x
∗) and

∀y ∈ R
n s.t. ∀i ∈ {1, 2...n} yi ∈ Ki(x

∗), F (x∗)t(y − x∗) ≥ 0

A generalized Nash-Cournot p roblem can be ex p ressed as a QVI formulation. U nlike VI
p roblems, a QVI formulation often has an infi nite set of equilibria. In some p articular cases, a
QVI p roblem can be slightly changed into a VI formulation. T his is p ossible, in p articular if the
QVI is issued from a Generalized Nash-Cournot p roblem, w hich is our case. T he idea is quite
simp le: w e w ant to make the map p ings Ki indep endent of the v ariables xi. T o do so, w e make all
the constraints that mix diff erent p layers’ dec ision v ariables common to all these p layers. F rom
the K K T conditions p oint of v iew , H arker [19] demonstrated that the " VI solution" is obtained
by giv ing the same dual v ariables to the common constraints.

If w e ap p ly the p rev ious results to our model, this leads to the fact that the p roducers and
indep endent traders see the same dual v ariables ηpi and must consider the common constraint
(3h) and (6e) in their op timization p rogram. Economically sp eaking, this means that they hav e
the same value for the long-term contract p rices.

U sing this technique, w e make sure w e end up w ith a VI solution [19].

3 T h e E urop e a n na tura l g a s m a rk e ts m ode l

T his section p uts the model at w ork and p resents our numerical results.
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3 .1 T h e representa tion

T he model w e p resented in S ection 2.4 has been used in order to study the northw estern Europ ean
natural gas trade. T he follow ing array summarizes the rep resentation w e hav e studied.

P rodu cers P rodu c tion n odes C on su min g ma rk ets In dep en den t tra ders

R ussia R ussiaf F rance F rancetr
A lgeria A lgeriaf Germany Germanytr
Norw ay Norw ayf T he Netherlands T he Netherlandstr
T he Netherlands NL f U K U K tr

U K U K f B elgium B elgiumtr

S tora g e n odes S ea son s Time

F rancest off -p eak 2000− 2040

Germanyst p eak

T he Netherlandsst
U K st

B elgiumst

T he model is run up through 20 45 but only the results through 20 35 are used to av oid end-
of-horizon eff ects (dep letion of all the p roduction nodes, etc .).

W e aggregate all the p roduction nodes of each p roducer into one p roduction node. W e as-
sume that each consuming market is assoc iated w ith one indep endent local trader (index ed by
tr). A s an ex amp le, F rancetr w ould be GD F -S U EZ and Germanytr w ould be E-O n R uhrgas. A ll
the storage nodes are also aggregated so that there is one storage node p er consuming country.
A s for the transp ort, the diff erent gas routes giv en in F igure 3 w ere considered.
T he local p roduction in the diff erent consuming countries is also taken into consideration (the
imp orts from non-rep resented p roducers, w hich are small, are also considered). W e assume that
these locally consumed v olumes are ex ogenous to the model.
W e consider A lgeria as an L NG p roducer w ho can ex ert market p ow er. T he other L NG ex changes
betw een p roducers " outside" the scop e of the model (such as the U A E) and the rep resented con-
sumers are considered ex ogenously in the model. T herefore, w e assume that the L NG demand,
ex cep t for A lgeria, is inelastic to the gas p rice. T his ap p roach is an assump tion that ov eresti-
mates the market p ow er allow ed to standard (not L NG) natural gas p roducers. H ow ev er, the
missing L NG v olumes are v ery small in [25] (less than 1% ).

3 .2 T h e ca lib ra tion

T he calibration p rocess has been carried out in order to best meet:

• the p rimary natural gas consump tion,

• the industrial sector gas p rice and

• the v olumes p roduced by each gas p roducer,

betw een 20 0 0 and 20 0 4 (the fi rst time p eriod).

T he model has been solv ed using the solv er P A T H [12] from GA MS . In order to shorten the
running time, w e used a fi v e-year time-step resolution. W e chose fi v e years because it is the
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F igure 3:
The northwestern European natural gas routes, production and storage nodes.

typ ical length of time needed to construct inv estments in p roduction, infrastructure or storage.
A lso, the demand function has been linearized.

T he data for the market p rices, consumed v olumes, and imp orts is the p ublic ly av ailable set
from IEA [25]. W e defi ne a new v ariable exchtmpd that rep resents the ex p orted v olume from
p roducer p to market d. More p rec isely :

∀t, m, p, d, exchtmpd =
∑

i

Bid zp
t
mpi + xtmpd

T he matrix B is such that Bid = 1 if the indep endent trader i is located in market d (e.g.,
GD F -S U EZ in F rance, E-O n R uhrgas in Germany) and Bid = 0 otherw ise. H ence, one can notice
that the ex changed v olumes inc lude both the sp ot and long-term contract trades.

T he calibration elements w e used are the inv erse demand function p arameters αt
md, γ

t
md,

pctmd and βtmd. T he idea is that the system dynamics [2] model is run in order to calculate all
the inv erse demand function p arameters, for all the markets and at each year and season of
our study. T he calibration technique slightly adjusts these v alues to make the model correctly
describe the historical data (betw een 20 0 0 and 20 0 4).

In order to calibrate the p roduced v olumes p rop erly, w e introduced security of sup p ly p aram-
eters that link each p air of p roducer/ consuming countries (p, d). A security of sup p ly measure
forces each country not to imp ort from any p roducer, more than a fi x ed p ercentage (denoted by
SSP ) of the ov erall imp orts. T his p rop erty can be rew ritten as follow s:
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∀t, m, p, d, exchtmpd ≤ SSPpd

∑

p

exchtmpd

T he security of sup p ly p arameters are also an outp ut of the calibration p rocess. A s mentioned
before, the calibration concerned only the fi rst time p eriod.

T he calibration tolerates a max imum error of 5% for the p rices and consumed quantities and
10% for the imp orted/ ex p orted v olumes. T he tolerated error is higher for the ex changed v olumes
because they dep end on the ex p orts dec ided by the p roducers for all the targeted consumers,
ev en those that are not in the scop e of the model. A s an ex amp le, the ex p orted v olumes from
R ussia to CIS (CEI) countries are ex ogenous to our model.

3 .3 N u merica l resu lts

In order to estimate the demand function p arameters, our model requests ex ogenous inp uts: the
fossil p rimary energy demand and the ev olution of the oil and coal p rices. F or that p urp ose,
w e used a scenario p rov ided by the Europ ean Commission [10 ]. T he annual fossil p rimary
consump tion and p rices grow th p er year that w e used are giv en in the follow ing chart (starting
from 20 0 0 ):

annualgrow th Total gross consumption (in %) Oilprice (in %) Coalprice (in %)

France 0.46 3.71 2.61

G ermany 0.06 3.71 2.61

United Kingdom 0.02 3.71 2.61

Belgium 0.06 3.71 2.61

The Netherlands 0.11 3.71 2.61

F igure 4 giv es the ev olution of the natural gas consump tion betw een 20 0 0 and 20 30 p rov ided
by our model for the countries rep resented. T he consump tion is giv en in B cm/ year. T he fi gure
also show s the ev olution of the natural gas p rices ($ / cm), in the industrial sector, for the rep re-
sented countries. W e recall that the industrial sector p rices are taken as a p rox y for natural gas
p rices. T he fi gure also giv es the ev olution of the p roduc ing countries’ sales betw een 20 0 0 and
20 30 , in B cm/ year.

T he av erage annual grow th betw een 20 0 0 and 20 30 is giv en in the follow ing chart :
Country Annual consumption grow th (in %)

France 0.61

G ermany 0.23

UK −1.35

Belgium 0.23

The Netherlands −0.94

A c cording to our simulation, F rance show s the highest annual consump tion grow th, av erag-
ing 0 .61% , betw een 20 0 5 and 20 30 . B oth the U K and the Netherlands ex p erience a signifi cant
decrease in their natural gas consump tion, as their domestic sup p lies are rep laced by more ex p en-
siv e foreign imp orts. T his eff ect is magnifi ed in our model by the fact that only ex isting reserv es
are taken into ac count, w hich are dep leted relativ ely quickly due to high installed cap ac ities.
T he consump tion of all the countries show n fl attens out or decreases in 20 30 , comp ared to 20 0 0 ,
desp ite the increase of the fossil p rimary demand. T his is mainly due to the fact that comp e-
tition in the up stream market becomes less and less imp ortant w ith time. Indeed, in 20 25, the
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F igure 4:
The natural gas consumption, prices, and sales between 2 0 0 5 and 2 0 30 .
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continental Europ e gas p roduction (the U K and the Netherlands) is ex p ected to be around 25
B cm. T his w ill increase the ex erc ise of market p ow er and the consump tion grow th w ill therefore
be reduced.

T he p rice av erage annual grow th betw een 20 0 0 and 20 30 is giv en in the follow ing chart:

Country annualprice grow th (in %)

France 2.47

G ermany 2.19

UK 1.28

Belgium 1.92

The Netherlands 2.14

A s ex p ected, the natural gas p rices increase continuously in all the countries. T he p rices
v alues are driv en, as a resut of the Nash-Cournot interaction by the combination of tw o eff ects:
the fossil p rimary energy demand and the comp etition betw een fuels (see equation 1). S ince the
fossil p rimary energy demand and the coal and oil p rices increase w ith time, they force the gas
p rice up . T his combination ex p lains w hy the natural gas p rice annual grow th in all the countries
is less imp ortant than the grow th in both oil and coal. Indeed, this is due to the fact that the
fossil p rimary energy consump tion does not increase w ith time as quickly as the coal and oil p rices.

T he p roduction in continental Europ e is ex p ected to greatly decrease in the forthcoming
decades. T he Norw egian p roduction is ex p ected to increase until 20 12 before starting to de-
crease. T he D utch decrease is smooth (-4.5% p er year betw een 20 0 0 and 20 20 ) w hereas the U K
one is v ery sharp . T he model indicates that the U nited K ingdom w ill use up more than 75% of
its natural gas reserv es (starting from 20 0 0 ) until 20 15. T his may seem surp rising but can be
understood by the fact that w e take into ac count only the p rov en reserv es in 20 0 0 [5]. T hus, w e
do not consider the reserv es discov eries that may occur till 20 45.

O n the other hand, the R ussian and A lgerian shares in the Europ ean natural gas consump -
tion is ex p ected to grow in the coming decades: in 20 20 , the foreign imp orts w ill rep resent 47%
of the northw estern Europ ean consump tion.

In order to test the strength of the model, w e comp are its outp ut v ersus historical v alues.
F or that p urp ose, w e consider the consump tion and p rices in the Europ ean countries betw een
20 0 5 and 20 10 (second time-step ) and comp are them to w hat actually hap p ened in that p eriod.
L et us recall that the second time-step has not been used in the calibration. F igure 5 giv es the
natural gas consump tion betw een 20 0 5 and 20 10 in B cm/ year and p rices in $ / cm in the countries
rep resented. T he left bars rep resent the model’s outp ut w hereas the right bars rep resent the real
historical data.

T he av erage model estimation errors are 2.2% for the consump tion and 3.5% for the p rices.
T hey are in the same range as the ones tolerated w hen calibrating the model (p eriod 20 0 0 -20 0 5).

F igure 6 giv es the ev olution of the northw estern Europ ean natural gas dep endence on foreign
imp orts (those considered in the model). T he dep endence is the ratio betw een the foreign ex p orts
to northw estern Europ e and the domestic consump tion 4.
T he natural gas dep endence is ex p ected to reach 70 % around 20 30 , w hich w ill bring about
imp ortant security of sup p ly concerns [1]. H ow ev er, these conc lusions should be cautiously

4T he Norw egian sales are not taken into account in the foreign supplies for security of supply reasons.
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F igure 5:
Comparison between the model’s output and historical data.

considered because they are based on strong assump tions. Indeed, in our study, w e assume that
no more natural gas reserv es w ill be found in the future and no shale gas w ill be p roduced in
Europ e. 5

dependence =
foreign exports

total consumption
(10 )

Now w e p resent the results related to the long-term contracts (L T C) p rov ided by GaMMES .
T he follow ing tables giv e the L T C v olumes and p rices betw een the diff erent p roducers and the
indep endent traders:

V olume(B cm/year) F rancetr Germanytr U K tr B elgiumtr T he Netherlandstr T otal
R ussia 5.25 42.39 nc 1.25 nc 48.89
A lgeria 7.18 nc 0 .17 3.49 nc 10 .85
T he Netherlands nc nc nc 1.66 6.18 7.84
Norw ay 0 .36 nc 4.81 6.52 nc 11.69
U K nc nc nc nc nc 0
T otal 12.80 42.39 4.98 12.92 6.18 79.27

Price($ /cm) F rancetr Germanytr U K tr B elgiumtr T he Netherlandstr
R ussia 0 .18 0 .17 nc 0 .20 nc
A lgeria 0 .18 nc 0 .22 0 .20 nc
T he Netherlands nc nc nc 0 .20 0 .20
Norw ay 0 .18 nc 0 .22 0 .20 nc
U K nc nc nc nc nc

5shale gas production is ex pected to b e negligeab le in Europe due to environmental concerns, for instance. As
of now , few credib le assumptions ex ist concerning the development of European domestic shale reserves [4 0].
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F igure 6:
The northwestern European natural gas dependence over time.

O ne can notice that if a p air of p roducer-indep endent trader contract on the long-term, the
corresp onding L T C p rice is nonnegativ e, w hich is not straightforw ard since the correp onding
L T C p rice is a free dual v ariable. A lso, the sp ot p rices in the consuming countries rep orted in
F igure 4 are in general higher than the L T C p rices. T he ex p lanation is as follow s: since long-
term contracts are the only means for the indep endent traders to obtain natural gas, L T C p rices
can be considered as marginal sup p ly costs. S imilarly, the sp ot p rices are directly related to the
indep endent traders’ rev enue. T herefore, if an indep endent trader has an incentiv e to contract
in the long-term, it imp lies that his rev enues, ov er the time horizon, are greater than his costs.
In a similar fashion, sp ot p rices are greater than L T C p rices.

T he B elgian trader is the one that div ersifi es his gas sup p lies the most (four sources). T his
is due to its geograp hical location, w hich is c lose to three p roduc ing countries: Norw ay, T he
Netherlands and A lgeria (recall that the A lgerian p roduction node is directly linked to B elgium
v ia an L NG route). F or a p articular trader, the L T C p rice is the same w ith resp ect to all the
p ossible sup p ly sources (same p rice w ithin the column). T his suggests that the L T C p rices are
correlated to the sp ot p rices: an indep endent trader may tolerate high sup p ly marginal costs if
his marginal rev enue in his sp ot market is high enough. B esides, w e assumed in our model that
the p roducers do not ex ert market p ow er w hen contracting in the long-term.

T he U K does not contract in the long-term w ith the indep endent traders. T his is due to
its limited gas reserv es that do not create an incentiv e to inv est in p roduction. T herefore, the
p roducer does not hav e an inv estment-related risk hedging strategy and p refers directly target-
ing the sp ot markets w ithout creating long-term contracts. T his situation has been observ ed in
recent years.

R egarding the L T C p rices, the GaMMES results are c lose to reality. A s for the L T C v olumes,
the results suggest that they rep resent, on av erage, 28% of the total (contract+ sp ot) trade. T his
v alue is relativ ely low , comp ared to w hat is currently observ ed in Europ e (70 % ) [29]. T his can
be ex p lained by the fact that in GaMMES , w e only consider contracts endogenously determined
after 20 0 0 w ithout taking into consideration the p re-ex isting ones signed before that time as p art
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of the calibration p rocess. F urthermore, from the p oint of v iew of the model, giv en installed
p roduction cap ac ity as of 20 0 0 , the p roducers may not hav e a strong incentiv e to contract w ith
the traders after this time because related inv estments hav e already been made.

T he p urp ose of the nex t comp arison is to show the eff ects of the fuel substitution-based
demand function. T o that end, w e consider an alternativ e linear demand function of the follow ing
form:

qtmd = atmd − bdp
t
md (11)

w here the slop e b should remain constant ov er time and the interceip t atmd changes as a function
of the fossil p rimary energy demand. In our study, w e made atmd ev olv e w ith the fossil p rimary
energy demand annual grow th. T he slop e bd is a result of the calibration p rocess. T his descrip -
tion of the markets w ill be refered to as the standard model w hereas the model w e p rop osed in
this artic le w ill be refered to as the GaMMES model. Note that the standard model is rather
simp listic and does not correctly cap ture the demand behav ior, because the inv erse demand func-
tion’s slop e bd is kep t constant. H ow ev er, the main p urp ose of the comp arison is not to p resent
a new model but rather to remov e one feature of the GaMMES model (energy substitution) and
see how this w ould alter the results.

F igure 7 p rov ides the consump tion and p rice lev els for both models considered.

F igure 7:
Comparison between the standard and the GaMMES model: consumption and prices.

W e notice that the standard model p rov ides a low er consump tion than the GaMMES results.
T he av erage diff erence in consump tion is 13% . T he standard model p rov ides low er p rices than
the GaMMES results. T he av erage diff erence betw een the tw o models is 23% w hich is quite large.

Now , let’s comp are betw een the results p rov ided by the GaMMES model, the standard model
and some offi c ial forecast. F or that p urp ose, w e choose the forecast of the Europ ean Commission
[10 ].

F igure 8 show s the ev olution of the global Europ ean energy consump tion betw een 20 0 0 and
20 30 and the av erage Europ ean p rice, forecasted in three scenarios. T hs fi rst one is issued from
the Europ ean Commission rep ort (baseline scenario) [10 ]. T he second one is our model forecast
and the third one is the standard model forecast.
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F igure 8:
The European Commission, the GaMMES model and the standard model forecasts.
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Comp aring the results of both the GaMMES model and the standard model w ith the 20 0 7
Europ ean Commission forecasts [10 ] giv es strong sup p ort to the need to take into ac count fuel
substitution, esp ec ially in the long run. T he standard model outp ut show s a v ery fast decrease of
natural gas consump tion in the long-run. T his seems at odds w ith the p ersp ectiv e of the market,
since as fossil p rimary energy consump tion is ex ogenous, the remaining energy consump tion has
to be met w ith oil and coal. T his v iew c learly contradicts the global ev olution of the diff erent
energy shares in the recent p ast as w ell as the strong sup p ort for c leaner fuels giv en by the Eu-
rop ean p olicy framew ork. O n the contrary, the GaMMES model outp ut giv es a better outcome.
T he demand for gas slow ly increases in the medium term, due to both higher fossil p rimary
domestic consump tion and a higher share for natural gas in the energy mix [28]. T he trend is
comp ensated in the long run by the increased ex erc ise of market p ow er. T he 20 10 kink is mostly
ex p lained by the quick dep letion of domestic reserv es.

T hese p rev ious results and those of fi gure 5 show that consumed quantities p rov ided by
the model are in line w ith the Europ ean Commission forecasts. T his giv es confi dence in the
GaMMES results, for the Europ ean Commission forecasts are subject to countries’ rev iew and
accep tance. R egarding the p rices, GaMMES is c loser to the Europ ean Commission scenario than
the standard model, ev en if both of these scenarios underestimate the p rices.

In conc lusion, comp ared to a standard descrip tion, the GaMMES model giv es a better rep -
resentation of the ev olution of the natural gas p rices and consump tion. It is necessary to take
into consideration the fuel substitution in the natural gas markets’ modeling because they allow
a better understanding of the consumers’ behav ior.

T o test the eff ects of the systems dynamics ap p roach, starting from time-step three (20 10 -
20 14), six sets of ex ogenous coal and oil p rice p atterns ov er time w ere inp ut v arying only in
time-step three. T hen the diff erent endogenous gas p rices that resulted w ere analyzed. H ence,
w e are able to draw , in the third time-step , the dep endence of the gas p rice on the oil and coal
p rices. F igure 9 giv es the ev olution of the (av erage) Europ ean natural gas p rice in the third
time-step v s. the oil and coal p rices. F or the sake of c larity, w e show ed the ev olution of the
natural gas p rice ov er the comp etitiv e p rice pc.

O bv iously, this ev olution is an increasing function of the substitution fuels’ p rices. T he higher
the oil and coal p rices are, the greater the natural gas demand w ill be and, therefore, the higher
the natural gas p rice w ill be. T his p rop erty also concerns the long-term contracts’ p rices betw een
the p roducers and the indep endent traders ηpi. H ence, our model allow s us to cap ture p art of
the index ation (on coal and oil p rices) eff ects v ia the substitution in the inv erse demand function.

4 C onclusions

T his p ap er p resents a Generalized Nash-Cournot model in order to describe the natural gas
market ev olution. T he demand rep resentation is rich because it takes into ac count the p ossible
energy substitution that can be made betw een oil, coal, and natural gas. T his ap p ears in the
introduction of a comp etitiv e p rice, in the demand function. T he ex haustibility of the resource
is taken care of by the use of Golombek p roduction cost functions.

T he long-term contract p rices and v olumes are endogenously comp uted as dual v ariables to
long-term contracts constraints. T his asp ect makes our formulation a Generalized Nash-Cournot
model, more generally a QVI formulation. In order to solv e it, w e deriv ed the corresp onding VI
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F igure 9:
Evolution of the natural gas price over the competitive price in 2 0 15 .

formulation.

T he model is dynamic (20 0 0 -20 45) and has been solv ed using the P A T H solv er w ith GA MS .
A fter the calibration p rocess, the model w as ap p lied to the Europ ean natural gas trade betw een
20 0 0 and 20 35 to understand consump tion, p rices, p roduction, and natural gas dep endence. T he
consump tion and p rice forecast are consistent w ith those found in the literature. A study of the
ev olution of the natural gas dep endence on foreign sup p lies has been carried out. It show s that
northw estern Europ e w ill become more and more dep endent on foreign sup p lies in the future.
L ong-term contract p rices and v olumes hav e been p resented, analyzed, and comp ared w ith cur-
rent data in order to understand the p roducers/ traders’ interaction.

O ur results hav e been comp ared w ith other forecasts: one p rov ided by the Europ ean Commis-
sion and another one issued from a standard model w here the energy substitution is not p resent.
T he results show that it is imp ortant to cap ture, w hile studying the natural gas demand function,
the p ossible energy substitution regarding other p ossible usable fuels market’ p rices.

In order to illustrate the p ossible use of fuel substitution, w e studied the ev olution of the
natural gas p rice ov er the coal and oil p rices. T he coal-oil p rices index ation of the natural gas
p rice in the sp ot markets or in the long-term contracts can be understood using these studies.

F uture w ork can inc lude addressing gas sup p ly scenarios in Europ e focused on v arious market
asp ects such as L NG and shale gas dev elop ment. A lso, stochastic ity can be introduced w hen
rep resenting the imp act of market risks. T he demand can also be made random by modeling the
fl uctuations of the oil p rice to understand its infl uence on gas p rice/ consump tion.
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A p p en dix 1

T his ap p endix giv es some details about the system dynamics ap p roach w e hav e used in order
to deriv e the inv erse demand function. W e refer to [2] for a comp lete descrip tion.

T he model aims at p redicting the consump tion of coal, oil, and natural gas observ ed at time
t using both the historical and current v alues of fuel p rices, and the history and current v alue of
the ov erall demand for hydrocarbon fuels. In this model, the dynamics of interfuel substitution
inv olv es a distinction betw een the fl ow of freshly installed equip ment, and the stocks of ex isting
equip ment that is rep resented by tw o v intages of cap ital. T he model is based on a p utty-c lay
framew ork and assumes that the choice of fuels can be freely adjusted ex ante, w hereas no sub-
stitution is p ossible ex post. U sing this decomp osition, the model cap tures the irrev ersibility
assoc iated w ith the dec ision to install and op erate a durable burning equip ment.

T he fuel op tions are index ed by an integer i and the fuel op tion coal (resp ectiv ely oil, and
natural gas) is labeled 1 (resp ectiv ely 2, and 3). T he fuel shares in the new burning equip ment
installed at time t are assumed to be determined by the relativ e cost of the three fuel op tions.
T he total cost Ci of fuel op tion i is related to its market p rice, the assoc iated p ayback time,
cap ital and op erating costs (related to its use), the p rice of CO 2 and its emission factor.

T he share si of fuel op tion i in the new burning equip ment is determined by the relativ e cost
of the three fuel op tions. T he follow ing multinomial logit model is used:

si =
e−αC i

∑

i e
−αC i

, (12)

w here α is a (non-negativ e) p arameter, and Ci are the total fuels costs. si is a decreasing function
of the fuel p rice Pi. T he v alidity of this logit model concep tually p resup p oses a " macroscop ic "
p ersp ectiv e, meaning that the energy system under scrutiny must contain a large enough number
of indiv idual dec ision-makers.

In this model, cap ital is measured in units of cap ac ity to burn fuels (that is, in energy unit
p er unit of time). T hus, the total inv estment I rep resents the ov erall cap ac ity of new burning
equip ment. T he total inv estment in new equip ment assoc iated w ith the fuel op tion i is denoted
Ii and satisfi es:

Ii = siI. (13)

Now w e detail the dynamics of fuel substitution. A s mentioned abov e, a v intaging structure
is used to p ortray the aging p rocess of installed equip ment. H ere, tw o v intages of cap ital are
kep t track of. A c cordingly, tw o stock v ariables are defi ned for each fuel op tion i: the cap ac ity of
recently installed equip ment, the " new " ones KNi, and those of the older ones KOi. Inv estment
in new burners Ii increases the cap ac ity of the new equip ment. New equip ment becomes old
after a use of half the lifetime: Ti

2
. S imilarly, old equip ment is scrap p ed after a use of Ti

2
and the

fl ow of scrap p ed old equip ment DOi is assumed to be equal to KO i

Ti/2
. W ith these assump tions,

the dynamics can be formulated as follow s:

dKNi

dt
= Ii −

KNi

Ti

2

, (14)

dKOi

dt
=

KNi

Ti

2

−
KOi

Ti

2

. (15)
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F or each fuel i at time t, the change in the ov erall stock of new equip ment w ith resp ect to time
is giv en by the infl ow of new equip ment assoc iated w ith inv estment Ii, and the outfl ow caused
by aging. S imilarly, the temp oral v ariation of the stock of old burners results from the infl ow of
these p rev iously new equip ment, and the outfl ow corresp onding to the scrap p ing of old equip -
ment.

T he nex t step is to model the dep endence betw een the fl ow of total inv estment I and the ov erall
stock of ex isting equip ment. W e can fi rst defi ne Ki = (KNi+KOi) the total cap ac ity of installed
burning equip ment w ith fuel op tion i, and K the total cap ac ity of installed burning equip ment:
K =

∑

iKi.

A t time t, the ov erall cap ac ity of scrap p ed equip ment is:

DO =
∑

i

DOi =
∑

i

KOi

Ti

2

. (16)

L et’s call E D the ov erall demand for the three fuels at time t, w hich is an ex ogenous p arameter
in this model. T he total inv estment has to be modeled as an increasing function of E D−K

TI , w here
TI is the time to adjust new inv estments. In addition, inv estment has to be connected to the
total scrap p ing of old equip ment DO to allow a regeneration of the stock of equip ment. T o model
these interactions, w e use the follow ing formula that defi nes the total inv estment:

I = DO.f

(

E D −K

TI.DO

)

, (17)

w here f is an increasing continuous function.

O ne then has to determine the cap ac ity utilization to allow the model to track ex ogenous en-
ergy demand in case of large dow nw ard v ariations (comp ared to total scrap p ing DO). Cap ac ity
utilization U is simp ly defi ned as:

U =
E D

K
. (18)

H ere, cap ac ity utilization is assumed not to be fuel sp ec ifi c as the same cap ac ity utilization fi gure
is p osited for the three fuels:

∀i, Ui = U . (19)

A s a result, the simulated demand for fuel i, denoted D̂i, is:

D̂i = UiKi = E D
Ki

K
. (20 )

T o summarize, the model’s role is the follow ing: giv en the dynamics of the total fossil demand
and the fuels’ market p rice, the model cap tures the interfuel substitution in order to fi nd how the
total demand is shared betw een the coal, oil, and natural gas demands. T he model’s equations
corresp ond to a system of non-linear diff erential equations. B ecause of its comp lex ity, this sys-
tem has to be simulated w ith numerical techniques (Euler’s method) and solv ed on MA T L A B .
O nce this model is calibrated to the consuming countries, it is used to deriv e the inv erse demand
function.
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If w e denote by Qt
md the quantity brought to the sp ot market d at season m of year t, the

system dynamics ap p roach p rov ides the follow ing inv erse demand function:

ptmd = pctmd +
1

γt
md

atanh
(

αt
md

+βt
md

−Qt
md

αt
md

)

if Qt
md ≥ βtmd +

αt
md

βt
md

αt
md

+βt
md

p′ctmd +
1

γ′t
md

atanh
(

α′t
md

+β′t
md

−Qt
md

α′t
md

)

if Qt
md ≤ βtmd +

αt
md

βt
md

αt
md

+βt
md

(21)

w here the p arameters α, β, γ and pc, w hich are time and season-dep endent must be calibrated.
Qt

md is the total gas v olume consumed in market d at year t and season m and ptmd is the corre-
sp onding gas market p rice. Note that this function links the gas p rices and v olumes in the sp ot
markets.

T he distinction betw een the domains Qt
md ≥ βtmd +

αt
md

βt
md

αt
md

+βt
md

and Qt
md ≤ βtmd +

αt
md

βt
md

αt
md

+βt
md

is

needed to take into ac count the antic ip ated scrap p ing of burners and to av oid absurd situations
w here the p rice rises tow ards +∞ (and also to guarantee the concav ity of the objectiv e functions).
T he p arameters α′, β′, γ′ and p′c are calculated to guarantee the continuity of h and its deriv ativ e
h′.

T he function atanh is such that:

∀x ∈ (−1, 1) atanh(x) =
1

2
ln

(

1 + x

1− x

)

A p p en dix 2

T his ap p endix demonstrates the concav ity of all the p layers’ objectiv e functions.
W e w ill demonstrate that the p roduction cost function is conv ex w ith resp ect to the quantity
p roduced. T he storage/ w ithdraw al/ inv estments costs are conv ex functions because they are lin-
ear.

L et’s consider a p roducer p. F irst w e demonstrate the conv ex ity of the Golombek p roduction
cost function. W e consider a p roduction node f . T o simp lify the notation, let us denote by q
the p roduced v olume (a v ariable) and by Rff the reserv e (a constant). W e recall that the cost
function Pcf is as follow s:

d Pcf
d q : [0, Rff ) −→ R+

q −→ af + bfq + cf ln
(

R ff−q
R ff

)

w here cf ≤ 0 and bf ≥ 0.
Pcf is a C2([0, Rff )) function (tw ice continuously diff erentiable) and w e hav e :

∀q ∈ [0, Rff )
d2Pcf
d2q

= bf −
cf

Rff − q
≥ 0

T hus, Pcf is conv ex .

P roducer p’s objectiv e function is:
+
∑

t,m,f,i δ
tηpi(zp

t
mfpi)

+
∑

t,m,f,d δ
t
(

ptmd(x
t
mfpd + xtmfpd)

)

xtmfpd

−
∑

t,f δ
t
(

Pcf

(

∑

t′≤t

∑

m q
t′

mfp, Rff

)

− Pcf

(

∑

t′< t

∑

m q
t′

mfp, Rff

))

−
∑

t,f δ
tIpf ip

t
fp

−
∑

t,m,p,a δ
t((Tca + τ tma)fp

t
mpa)
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A s mentioned before, the inv erse demand function has been linearized. L et’s w rite the natural
gas p rice in market d as follow s:

ptmd = atmd − btmd(x
t
mfpd + xtmfpd)

w here btmd > 0. T he function
∑

t,m,f,d δ
t
(

ptmd(x
t
mfpd + xtmfpd)

)

xtmfpd is therefore a concav e

function of the v ariables xtmfpd. Indeed the H essian matrix Ht
md assoc iated w ith the sp ot market

p rofi t is diagonal and such that the diagonal terms are Ht
md = −2btmd < 0. H ence, the H essian

matrix is negativ e defi nite.

L et us consider the global cost function G P :

qtmfp −→ G P (qtmfp) =
∑

t,f δ
t
(

Pcf

(

∑

t′≤t

∑

m q
t′

mfp, Rff

)

+ Pcf

(

∑

t′< t

∑

m q
t′

mfp, Rff

))

. A nd

let’s demonstrate that G P is conv ex . L et’s consider tw o v ariable v ectors q1tmd and q2tmd and
λ ∈ [0, 1].

G P (λq1tmd + (1− λ)q2tmd)
=
∑

t,f δ
t
(

Pcf

(

∑

t′≤t

∑

m(λq1t
′

md + (1− λ)q2t
′

md), Rff

))

−
∑

t,f δ
t
(

Pcf

(

∑

t′< t

∑

m(λq1t
′

md + (1− λ)q2t
′

md), Rff

))

=
∑

f

∑Num
t= 0

δt
(

Pcf

(

∑

t′≤t

∑

m(λq1t
′

md + (1− λ)q2t
′

md), Rff

))

−
∑

f

∑Num−1

t= 0
δt+1

(

Pcf

(

∑

t′≤t

∑

m(λq1t
′

md + (1− λ)q2t
′

md), Rff

))

=
∑

f

∑Num−1

t= 0
(δt − δt+1)

(

Pcf

(

∑

t′≤t

∑

m(λq1t
′

md + (1− λ)q2t
′

md), Rff

))

+
∑

f δ
Num

(

Pcf

(

∑

t′≤Num

∑

m(λq1t
′

md + (1− λ)q2t
′

md), Rff

))

=
∑

f

∑Num−1

t= 0
δt(1− δ)

(

Pcf

(

∑

t′≤t

∑

m(λq1t
′

md + (1− λ)q2t
′

md), Rff

))

+
∑

f δ
Num

(

Pcf

(

∑

t′≤Num

∑

m(λq1t
′

md + (1− λ)q2t
′

md), Rff

))

S ince 0 ≤ δ ≤ 1 and Pcf is conv ex , w e can w rite:

∑

f

∑Num−1

t= 0
δt(1− δ)

(

Pcf

(

∑

t′≤t

∑

m(λq1t
′

md + (1− λ)q2t
′

md), Rff

))

+
∑

f δ
Num

(

Pcf

(

∑

t′≤Num

∑

m(λq1t
′

md + (1− λ)q2t
′

md), Rff

))

≤

λ
∑

f

∑Num−1

t= 0
δt(1− δ)

(

Pcf

(

∑

t′≤t

∑

m q1
t′

md, Rff

))

+(1− λ)
∑

f

∑Num−1

t= 0
δt(1− δ)

(

Pcf

(

∑

t′≤t

∑

m q2
t′

md, Rff

))

+λ
∑

f δ
Num

(

Pcf

(

∑

t′≤Num

∑

m q1
t′

md, Rff

))

+(1− λ)
∑

f δ
Num

(

Pcf

(

∑

t′≤Num

∑

m q2
t′

md, Rff

))

=
λG P (q1tmd) + (1− λ)G P (q2tmd)

H ence, the cost function is conv ex . T he rest of the p rofi t is made of linear functions of the
dec ision v ariables. T he concav ity of the p roducers objectiv e function is thus demonstrated.
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T he indep endent traders’ objectiv e function’s concav ity can be demonstrated in a similar
w ay. L ike for the p roducers, the sp ot market benefi t is also concav e.

T he p ip eline and storage op erators objectiv e functions are conv ex (to minimize) because they
are linear. T he feasibility sets are all conv ex due to linearity of the constraint functions.

A p p en dix 3

T his ap p endix p resents the K K T conditions deriv ed from our model. O nce the K K T condi-
tions are w ritten, w e get the Mix ed Comp lementarity P roblem (MCP ) giv en below .

T he p roducers K K T conditions

∀t, m, f, p, i, 0 ≤ zptmfpi ⊥ δtηpi − γtmfp − ε2tmfpi − ηptpi ≤ 0 (22a)

−
∑

n

M2inαp
t
mpn

∀t, m, f, p, d, 0 ≤ xtmfpd ⊥ δtptmd(x
t
mfpd + xtmfpd) ≤ 0 (22b)

+ δt
∂ptmd

∂xtmfpd

(xtmfpd + xtmfpd)x
t
mfpd

− γtmfp − ε1tmfpd −
∑

n

M3dnαp
t
mpn

∀t, m, f, p, 0 ≤ qtmfp ⊥ −
∑

t′≥t

δt
′ ∂Pcf
∂q

(
∑

t′′≤t′

∑

m

qt
′′

mfp, Rff ) ≤ 0 (22c)

+
∑

t′> t

δt
′ ∂Pcf
∂q

(
∑

t′′< t′

∑

m

qt
′′

mfp, Rff )

−
∑

t′≥t

φt
′

f − χt
mf + γtmfp

− (−1)m(ϑ1tf − ϑ2tf )− ε3tmfp

+
∑

n

M1fnαp
t
mpn

∀t, f, p, 0 ≤ iptfp ⊥ − δtIpf − ε4tfp ≤ 0 (22d)

+
∑

m

∑

t′≥t+delayp

χt′

mf (1− depf )
t′−t

− ιptf + L ff
∑

t′≥t+delayp

ιpt
′

f (1− depf )
t′−t

∀t, p, i, 0 ≤ uppi ⊥
∑

t

ηptpi − ηpi ≤ 0 (22e)

∀t, f, 0 ≤ φtf ⊥
∑

p

∑

t′≤t

∑

m

qt
′

mfp −Rff ≤ 0 (22f)
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∀t, m, f, 0 ≤ χt
mf ⊥

∑

p

qtmfp −Kff (1− depf )
t ≤ 0

(23a)

−
∑

p

∑

t′≤t−delayp

ipt
′

fp(1− depf )
t−t′

∀t, m, f, p, 0 ≤ γtmfp ⊥ − qtmfp +
∑

i

zptmfpi +
∑

d

xtmfpd ≤ 0

(23b)

∀t, f, 0 ≤ ϑ1tf ⊥
∑

m

∑

p

(−1)mqtmfp − flf ≤ 0

(23c)

∀t, f, 0 ≤ ϑ2tf ⊥ −
∑

m

∑

p

(−1)mqtmfp − flf ≤ 0

(23d)

∀t, f, 0 ≤ ιptf ⊥
∑

p

iptfp − L ffKff (1− depf )
t ≤ 0

(23e)

− L ff
∑

p

∑

t′≤t−delayp

ipt
′

fp(1− depf )
t−t′

∀t, f,m, p, d, 0 ≤ ε1tmfpd ⊥ xtmfpd −OfpH ≤ 0

(23f)

∀t, m, f, p, i, 0 ≤ ε2tmfpi ⊥ zptmfpi −OfpH ≤ 0

(23g)

∀t, m, f, p, 0 ≤ ε3tmfp ⊥ qtmfp −OfpH ≤ 0

(23h)

∀t, f, p, 0 ≤ ε4tfp ⊥ iptfp −OfpH ≤ 0

(23i)

∀t, m, p, n, free αptmpn

∑

a

M6(a, n)fp
t
mpa(1− lossa) = 0

(23j)

−
∑

a

M5anfp
t
mpa +

∑

f

M1fnq
t
mpf

−
∑

d

∑

f

M3dnx
t
mfpd

−
∑

i

∑

f

M2inzp
t
mfpi39



∀t, p, i, free ηptpi uppi −
∑

f,m

zptmfpi = 0 (24a)

∀ p, i, free ηpi uipi − uppi = 0 (24b)

T he indep endent traders’ K K T conditions

∀t, m, p, i, 0 ≤ zitmpi ⊥ − δtηpi − ηitpi ≤ 0 (25a)

+ ψt
mi

+
∑

n

M2inαi
t
min

+ (1−minpi)υ
t
mpi

∀t, m, i, d, 0 ≤ ytmid ⊥ δtptmd(y
t
mfpd + ytmfpd) ≤ 0 (25b)

δt
∂ptmd

∂ytmid

(ytmfpd + ytmfpd)y
t
mid

− ψt
mi −

∑

n

M3dnαi
t
min

∀t, i, s, 0 ≤ rtis ⊥ − δtRcs + µtis − βsts ≤ 0 (25c)

∀t, i, s, 0 ≤ intis ⊥ − δt(Ics + W cs) ≤ 0 (25d)

− µtis −
∑

m

(−1)mψt
mi

−
∑

n

M4snαi
t
min(−1)m

∀t, p, i, 0 ≤ uipi ⊥
∑

t

ηitpi + ηpi ≤ 0 (25e)
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∀t, m, i, free ψt
mi

∑

p

zitmpi −
∑

d

ytmid + (−1)m
∑

s

intis = 0 (26a)

∀t, i, s, 0 ≤ µtis ⊥ intis − rtis ≤ 0 (26b)

∀t, m, i, n, free αitmin

∑

a

M6anfi
t
mia(1− lossa) = 0 (26c)

−
∑

a

M5anfi
t
mia −

∑

d

M3dny
t
mid

+
∑

p

M2inzi
t
mpi

− (−1)m
∑

s

M4snin
t
is

∀t, p, i, free ηitpi uipi −
∑

m

zitmpi = 0 (26d)

∀ p, i, free ηpi uipi − uppi = 0 (26e)

∀t, m, p, i, 0 ≤ υtmpi − zitmpi +minpi
∑

m

zitmpi ≤ 0 (26f)

∀t, s, 0 ≤ βsts ⊥
∑

i

rtis −Kss −
∑

t′≤t−delays

ist
′

s ≤ 0 (26g)

T he p ip eline op erator K K T conditions
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∀t, m, p, a, 0 ≤ fptmpa ⊥ − δt(Tca + τ tma)− τ tma ≤ 0 (27a)

+
∑

n

M6anαp
t
mpn(1− lossa)

−
∑

n

M5anαp
t
mpn

∀t, m, i, a, 0 ≤ fitmia ⊥ − δt(Tca + τ tma)− τ tma ≤ 0 (27b)

+
∑

n

M6anαi
t
min(1− lossa)

−
∑

n

M5anαi
t
min

∀t, a, 0 ≤ ikta ⊥ − δtIka ≤ 0 (27c)

+
∑

t′≥t+delayi

τ t
′

ma

− ιata + L aa
∑

t′≥t+delayi

ιat
′

a

∀t, m, a, 0 ≤ τ tma ⊥
∑

p

fptmpa +
∑

i

fitmia ≤ 0 (27d)

− Tka −
∑

t′≤t−delayi

ikta

∀t, a, 0 ≤ ιata ⊥ ikta − Tka −
∑

t′≤t−delayi

ikta ≤ 0 (27e)

∀t, m, p, n, free αptmpn

∑

a

M6(a, n)fp
t
mpa(1− lossa) = 0 (27f)

−
∑

a

M5anfp
t
mpa +

∑

f

M1fnq
t
mpf

−
∑

d

∑

f

M3dnx
t
mfpd

−
∑

i

∑

f

M2inzp
t
mfpi
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∀t, m, i, n, free αitmin

∑

a

M6anfi
t
mia(1− lossa) = 0 (28a)

−
∑

a

M5anfi
t
mia −

∑

d

M3dny
t
mid

+
∑

p

M2inzi
t
mpi

− (−1)m
∑

s

M4snin
t
is

T he storage op erator K K T conditions

∀t, s, 0 ≤ ists ⊥ − δtIss +
∑

t′≥t+delays

βst
′

s ≤ 0 (29a)

− ιsts + L ss
∑

t′≥t+delays

ιst
′

s

∀t, s, 0 ≤ βsts ⊥
∑

i

rtis −Kss −
∑

t′≤t−delays

ist
′

s ≤ 0 (29b)

∀t, s, 0 ≤ ιsts ⊥ ists − L ssKss − L ss
∑

t′≤t−delays

ist
′

s ≤ 0 (29c)
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