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Abstract

We introduce a new variational numerical method which does not require any background mesh to compute the
scheme coefficients. Replacing the mesh by a point cloud endowed with connectivity, which we call a discretization
network, and following the virtual element framework we derive a consistent, coercive and stable numerical scheme.
We illustrate the good behavior of the method on several numerical examples.

Keywords: Poisson equation, meshless methods, variational methods, virtual element method, mimetic finite
differences
2010 MSC: 65N30, 65N12, 65N15

Introduction

The mimetic technology [1] has brought to the community extremely simple, efficient and elegant ways to handle
probably all classical partial differential equations, with general coefficients, even on very distorted or exotic meshes.
One of its most recent versions, the virtual element method (VEM, [2]) is in fact so well designed that it even leads
to much simpler proofs than its closest ancestor, the mimetic finite differences, letting us go back to the familiar
variational setting of the finite element framework. The mimetic technology has also given birth to useful alternative
methods such as the Hybrid-High-Order (HHO, [3, 4]) or the original VAG scheme [5] (see [6] for its formal equiv-
alence with a VEM approach), sharing consequently the same ability to cope with generic meshes. Starting from the
usual Poisson problem, all these methods have been extended to linear [7, 8] and non linear [9, 10] elasticity, parabolic
problems [11], multiphase flow problems [12], Stokes problem [13], etc. The literature based on those methods is in
fact already tremendous, reflecting the strong interest and enthusiasm of the mathematical community.

Those methods can handle meshes so general, it is so complex to design a mesh that will make them fail, that we
can wonder if we still really need a mesh, or more precisely, what are the quantities usually provided by a mesh that
are really needed to perform an accurate numerical simulation. This is the question that has led to the present work.
Looking at the virtual element and HHO methods from a purely algebraic point of view, we see that the key of their
success is the clear separation between consistency and stability (a property which they share with other approaches
for handling general meshes, like discontinuous Galerkin methods, see [14]). While consistency has to retain certain
properties of the original problem and its geometry, coercivity and thus stability can be obtained almost automatically
using the virtual element principles [15]. Thus, it is natural to focus on the geometric elements that are absolutely nec-
essary to ensure the consistency of a method. This approach naturally led us to the notion of discretization network,
which we can sum up as a mesh reduced to its most basic expression: a point cloud endowed with a connectivity. This
network and some weights computed on it that will correspond to a network geometry, allows to build a consistent
approximation of our model Poisson problem. Then, applying virtual element principles, stability of the discrete vari-
ational formulation will indeed prove to be easy to obtain.

Discretization networks are common objects underlying many meshless methods, even if they sometimes remain im-
plicit as in the case of partition of unity finite element methods (see [16]). The network geometry is a family of weights
satisfying conditions that allows to approximate differential operators and reproduce polynomials on point clouds, and
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are common objects for meshless methods not based on analytic partitions of unity (see [17, 18, 19, 20, 21, 22]). Gen-
erating a network geometry basically consists in generating weights allowing polynomial consistency using the chosen
degrees of freedom, up to a given order. However, if this is enough to obtain the consistency of a meshfree method,
as explained for instance in [20] this is not enough to obtain a compatible discretization like the one provided by the
VEM on meshes. The crucial missing ingredient is called the compatibility of the discretization scheme, or in other
words that Stokes’ formula must be satisfied in some sense at the discrete level. This is in fact the main difficulty
of generating network geometries. To circumvent it, for both technical and practical reasons in the present work we
have chosen to use a slightly more general notion of geometry than those based on exact polynomial consistency
and conservation property, by allowing those properties to be satisfied only approximately. Finally, contrary to the
aforementioned methods of [17, 18, 19, 20, 21, 22] which are roughly speaking finite volume methods, the scheme
presented here is based on the VEM approach and is thus variational by construction and, at least to the author’s
knowledge, it is completely original (we will call it the network element method). As a consequence, although it is
very natural to define the degrees of freedom of the scheme at the points defining the discretization network as in [17]
or [22], here as we are trying to mimic the VEM it will in fact be more natural to follow the lines of [18, 19, 20, 21] and
consider degrees of freedom located at the interfaces between points using the connectivity of the network. Compared
to other meshless approaches and in particular those based on analytic partitions of unity, it is delicate to claim that
the method is completely meshless. Indeed if no mesh is used, not even to compute quadratures, we replace it by a
discretization network and an associated geometry, whose practical computation is not as cheap as simply generating
a point cloud. We refer the reader to [23, 24, 25] for a review of the huge literature on classical meshless methods.

The paper will be organized as follows: in the first part of the paper (section 1), we will give a general definition of
discretization network and introduce our slightly generalized notion of network geometry. Then, in the second part of
the paper (section 2) we will explain how to approximate a model Poisson problem using the network element method
and study the consistency and stability properties of the corresponding scheme. Finally, in the last part of the paper
(section 3) we exhibit some numerical results to illustrate the good behavior of the method.

1. Discretization networks and network geometry

Let Q be an open bounded connected subset of R, d € N\{0}, assumed to be at least Lipschitz. For any x € R¢
and any r > 0, we denote B(x,r) the ball of radius r centered at x. We now define a discretization network as a
point cloud endowed with a connectivity (see figure 1 for an example of discretization network), which is basically a
reformulation of the networks underlying the methods of [18, 19, 20]:

Definition 1.1 (Discretization network). A discretization network N of Q is defined from two sets of points £+ and
Py, by setting N = {7, F}, where:

e The set of cells 7 is a set of pairs K = {xg, rg}, with xg € Py strictly inside Q and rx a strictly positive real
number, for any K € 7. We denote hx = 2r.

e The set of interfaces, denoted ¥, is a set of pairs o = {x,, T}, with x, € P# and T a subset of 7. It is
subdivided into two subsets, the set of boundary interfaces ¥, and the set of interior interfaces F;,,.

e The set of boundary interfaces ¥, is such that for all K € 7, x, is a point in Uger, B(xg, rx) N 0Q.

e The set of interior interfaces F;, is such that for all K € 7, x, is a point in Uger, B(Xg, ) N Q.

e Forall (Ki,K;) € N? such that K| # K, xg, # Xg,. For all (o7, 02) € F2 such that oy # 0, Xy, # X,

o Q c (Jger B(xk,rk). Forany K € 7 such that 8Qmm # (J, then Fx N Feoy # . Forany (K, L) € T2
such that B(xg, rx) n B(xp,r.) # &, then there exists o € ¥ such that (K, L) € 7.

For any K € 7, we also denote Fx = {0 € F | K € T} (the interfaces of K), which implies that for any o € ¥, 7
obviously denotes the cells connected to the interface o~ and satisfies 7, = {K € 7 | o € F}. The set of interfaces

¥ defines the connectivity of the network and clearly depends on the chosen norm ||x||" = Zfl:] X1 <m< o
2
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Figure 1: Example of discretization network for a square domain (light red circles are interfaces, black circles are cells, large circle represents the
rk’s, lines represent the connectivity)

for computing the balls and on the size distribution k. In the following, we will only consider for simplicity the case
m = 2. We denote Bx = B(x, rk), and for any x € R, and we also denote

TN ={KeT |xeBx} and ny = supcard(TV)

xeRd

Finally, we denote i = maxgeq hg and Py (Rd) the set of polynomials of order k.

All our reasoning will be based on a direct analogy with a classical mesh. We will try to approximate functions around
xg forany K € 7, as if we had subdivided Q in cells centered at xx. The interfaces are intended to be the analogues
of the faces or vertices joining the cells, or a mixing of both. Remark that the following construction will be easier to
understand if the interfaces are considered as analogous to mesh faces. By analogy with meshes it seems very natural
to introduce the following admissibility condition on the discretization network:

Forall K € T, card(Fx) = d + 1 and there exists o= € Fx such that rank(Vg,) = d (1)

where we have denoted for all K € 7 and all o € Fg

Vo = (Vi )icjcarrer, With V™7 =x, —x foralle’ € Fx andall 1 < j<d 2)

Any network satisfying (1) is of course called an admissible network. Condition (1) can be easily interpreted geomet-
rically if we consider what would be its equivalent for a true mesh: it simply means that a cell must have at least d + 1
true interfaces, that is d + 1 non colinear interfaces, and is thus non degenerate. Another consequence is that for any
K € T the set (x,),er, i unisolvent for first order polynomials.

1.1. Network geometry

By analogy with a classical mesh, to each cell K € 7, we associate a strictly positive real number mg, which is
intended to be the analogue of the cell measure. To each K € 7 and each o € F, we associate a vector i ,, intended
to be the analogues of the outgoing normal vector, weighted by the face measure. To circumvent some existence
issues, we define a network geometry as a set of coefficients:
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We introduce the approximate consistency properties

mg >0 forall Ke T 3
and ' ‘
> i, =myey  forallKe7 andall 1 <i<d @)
TEFK
and . . . ..
Dt (xh — x) = mg(6;;+ &¢”)  forall Ke T andall 1 <i,j<d (5)

TeFk

and the approximate conservation (or compatibility) properties

img = (1+20)|Q (6)

KeT

and ' .
Z N, = &, forall ce ¥, andall 1 <i<d @)
KeT,
We say that a network geometry is consistent if and only if it satisfies (3)-(4)-(5), and in the same way we say that it
is conservative if and only if it satisfies (6)-(7). The underlying idea is very simple, the subset

£(G) = ((E(I)éi)Ke’]',lsigd’ (E}éij)Ke‘T,lsi,jgd, ())reFin1<i<ds 89)

is intended to represent the approximation error we tolerate on the exact geometrical constraints. Obviously we want
to have some control over it, this is why we need to introduce the constants 64 > 0 and p > 1, both independent on
h, and such that

&% < @ahl,  forallKe T andall 1 <i<d ®)
and .
‘g}(’lq < Oqhf  forallKe7 andall 1 <i,j<d ©)
and
lea| < Oah” (10
and )
|el,| < 04 min mght,  forall o€ ¥, andall 1 <i<d (b
7 KeT, K

Finally, we say that an approximate network geometry is admissible if and only if it is consistent and conservative.
A conservative and consistent network geometry for which £(G) = 0 will be called an exact geometry. Notice that
£(G) is the main difference between our notion of network geometry and those of [17, 18, 21, 22], while it also has
less elements that the ones of [19, 20]. In other words, our notion of network geometry differs from those of the
literature mainly by the fact that we allow it to only be approximate in terms of consistency and conservation property.
Those choices are made to allow the derivation of a numerical method with a compact stencil. Another interesting
consequence is the fact that contrary to most methods of the literature, the g, for K € 7, do not necessarily share
the same norm or direction(as would their most natural mesh analogues |o-|ng,-), even in the case of a face like
connectivity (i.e. card(T,) < 2) as it would be the case for exact geometries (see for instance [19, 20]).

In practice we will use p = 2 to ensure that the approximation error coming from the network geometry is smaller than
the polynomial approximation error, which will become obvious when deriving consistency results for the associated
numerical scheme. We keep the notation ki as an easy way to distinguish the contributions of £(G) to the scheme’s
error.



Remark 1.2. Notice that if the above relations hold true then for any matrix M € M,;(R), we have

d d
1 §
Z m_'lng(rM(x(r —xg) =tr(M) + Z 2 8115 'M;;  forall M e My(R)

T i=1j=1

Applying it to a first order polynomial vector ¢ = ¢, + Mx, we easily get that

d d
. 1. 0qi 1
divg+ ) Y e S = - 3 nk(q(xs) — q(x))
i=1
which is an approximate consistency result on the divergence operator as well.

1.2. Existence of network geometries

Thanks to the presence of £(G) in our definition of network geometries, their existence is immediate. Indeed:

Proposition 1.3. Let N be an admissible network. Then there exists an admissible network geometry.

lljv

Proof. 1f G is an admissible geometry, we have for the 7, ’s, the g ’s, the 8(1)( and the &,

Z njw(x(jr — fo) — mKe}{’ij =6;jmg forallKe T andall 1 <i,j<d
oeFk
ana—m,(s%"=0 forallKe 7 andall 1 <i<d
oeFk
anw—sir=0 forallo € F,andall 1 <i<d
KeT,

Lij Lij

Using the change of variable s?jk = mKs(;(’i and g i = mgeg’ + nK {Tx/ and denoting

0,i Lij i
X= ((UK,O-)KE‘T,D'GTK’ (&) KeT 1<i<d> (8,0 k) KeT 1<i j<d> (85;)aem,1<i<d>
and m = (mg)ker, the above system can be rewritten AgX = Lgm. Now, let us take a vector g in Im(Ag), with

H = (( Mg )KE’T 1<i,j<d> (,UK )Kefr1<z<d, (Hg)aeﬁ” 1<1<d)

We have:
(ALp)"X = " AgX

d d d
SN gt + > Z Dot D0 DT D n

KeT i=1 j=10eFk KeT i=1o0eFy i=1 oceF,,; KET,
d d d d
Lij Lij 0,i i
DI IPILHT D NPT
KeT i=1 j=1 KeT i=1 i=1 0c€Fin

d d p
are) ni{"T(i—JrﬂKJrZﬂw‘j)jLZZ > n},o—<ﬂ(}<’i+2u}<”xé>
=1

KeT i=1 0ceFxnFin KeT i=1 ceFxNnFexr
d
Lij 1,ij 0,i i
53D IETFCED ) FEIN TN 3y
KeT i=1 j=1 KeT i=1 i=1 0ceFiy

As ATp = 0 is equivalent to (ATﬂ)TX = 0 for all X we see, takmg one element of X equal to one and all the others
equal to zero, that A = 0 immediately implies for all 1 < < d that /11 /' = 0 and /10’ = 0forall K € 7, as well
asu,. = O0forallo e T,,,, Thus AL M = 0 implies u = 0. Exwtence is then a direct consequence of the fact that there
always exists (&g, m) such that mg > 0 for any K € 7~ and satisfying (6), which concludes the proof. 0
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The natural question that arises is whether such a result can be established for exact network geometries. In the above
proof, we were able to establish existence thanks to the fact that KerAg = {0}. In the case of exact geometries the
kernel of the transpose of the corresponding reduced matrix Ag acting only on the g ,’s will be characterized by
relations

d
O=,ufr+ﬂ?(’i+Zy}g”x{,foralll(eTandallo-e?',-mmTKand1 <i<d (12)

and

d

0=py + > p’x) forall K e T andall o € Fopy 1 Frand 1 <i < d (13)

j=1

and existence of exact geometries with positive cell measures will be governed by Farkas’ lemma. Unfortunately, for
general networks the kernel of the reduced transpose matrix will not be reduced to zero: depending on the network’s
connectivity, there can exist oscillating non zero vectors satisfying both (12) and (13). The consequence is that
the cell measures of an exact network geometry must satisfy a potentially complex compatibility condition that can
be characterized using Farkas’ lemma. To ensure existence of geometries for every admissible network without
computing K. erA; was one of the main motivation for considering augmented geometries incorporating the geometric
approximation errors £(G). Finally, numerical experiments reveal that even on networks generated from true meshes,
and thus for which existence is ensured, computing an exact geometry is a numerically difficult problem. As a slight
perturbation on the point cloud is potentially enough to ensure or prevent the existence of exact geometries, our guess
is that the underlying linear system remains most probably stiff even when its kernel is properly handled. The practical
consequence is that constructing an exact network geometry up to machine precision can be a very costly and time
consuming process. Reducing this computational cost was the second main motivation for adding £(G) to the usual
definition of network geometries.

2. The network element method

2.1. Model problem
In order to focus on the network element method itself and to ease the understanding of the presentation, we have
chosen to consider the simplest possible model problem, i.e. the Poisson problem, set on an open bounded domain Q2
subset of R, d € N\ {0}
—Au=f inQ, (14)

For the sake of simplicity again, we complement it with homogeneous Dirichlet boundary conditions, i.e.
u = 0on 0Q, (15)

where 0Q = ﬁ\Q is the boundary of the domain Q, that we have assumed to be at least Lipschitz continuous, and
f € L*(Q). The weak solution associated to (14)-(15) is the unique u € H,(€2) such that

f VuVy = J. fv forallvin H)(Q) < a(u,v)=I(v) forallvinH)(Q) (16)
Q Q

2.2. Degrees of freedom and discrete variational formulation

Let us recall some key ideas underlying the virtual element method. Assume that we are given a mesh of Q whose
set of cells is denoted 7~ to make the analogy with networks more obvious, then we can write

f VuVy = ) J VuVy

KeT

Using the virtual element projector onto first order polynomial functions, which is exact when tested again first
order polynomial functions (see [2]) , one has

L Vuvy — Zf VITEM () VITEEM () + S f VI () (i — VITVEM ()

KeT KeT
6

VEM
HK



The first term in the sum is the consistency part, which is used under this form in practice, and is intended to account
for the polynomial part of the discrete approximation. For the second term, the idea of the virtual element method is
that it can be replaced by a generic stabilization bilinear form

s (= T (u), v — TR (v)

which only needs to scale with hg in the same way than the term it replaces, leading to the discrete variational
formulation for the first order virtual element method (denoting ; the L? projection on polynomials of order k)

3 | I VI ) 4 3 S = Y v - ) = | )
KkeT VK KeT KeT YK

To construct the network element method, we will follow the principles of the virtual element method, but using
our discretization network rather than a mesh. It means that we will construct a discrete bilinear form based on the
discretization network and its associated network geometry that will handle the polynomial part, in some sense, of our
degrees of freedom. Doing so, we will need to relax some of the consistency requirements of the mimetic approach
to handle the fact that our network geometries are only approximate. Then, we complete it with a stabilization term
that, roughly speaking, just need to have the correct scaling and to approximately vanish for polynomial degrees of
freedom. As mentioned in the introduction, this clear separation between the consistency part acting on polynomials
and the stabilization part is also very reminiscent of discontinuous Galerkin methods ([14]).

Let NV be an admissible discretization network, endowed with an admissible network geometry G. We associate to N
the following space of degrees of freedom

Xy = {(MO')G-GT | ur € R for allo-e}'}

and denote U = (u,),, .. The idea behind those degrees of freedom is simply to mimic the VEM, assigning degrees
of freedom to interfaces between cells which in the case of the first order VEM means assigning degrees of freedom to
mesh vertices. Notice that choice leads to a space of degrees of freedom very similar to those of the meshless methods
of [19, 20]: we want to compute an approximation around the points of 7~, but our degrees of freedom are located at
the interfaces between elements of 7. To account for homogeneous Dirichlet boundary conditions, we also consider

Xno={U€ Xy | u, = 0forall o € F,,}
and we define the local set of degrees of freedom associated to a cell by
Xnk = { (o) ger, |Us€Rforall o e Fx}

Of course, for any U € Xy, we denote Ux = (uv)geﬁ. Let us now describe the derivation of the counterpart of the
virtual element projector in our context. To any cell K € 7, we associate a point Xgx and denote

Xk = Z YkoXos Where Z Yo =1
oeFx oeFk
thus the (yk )res, forms a barycentric interpolation for X from the interface points (¥, )ses, - Let us denote
= Z YK.oclUo
oeFk

To any cell K € 7, we associate the local reconstruction operator I1x defined by

HK N XN,K — P1<Rd)

_ a7
Ux — g (UK) = MK(U[() + Vg (U[() . (X*XK)
where
VKZXN,K > P()(Rd)d
18
Ux — Vix(Ux)=— Z Uol]g o {19

(7'67’-[(



Notice that the above definition implies that

M (T (Uk) (%0))oeri) = Y viollk (Ux) (x5) = Mx(Ux)  and Vg (Ux) = Vi (Ux)  (19)

oeFx

Finally, we extend the definition of Il to all Xy by setting

HKIXN > Pl(Rd)

20

and we do the same for Mg and V. For any U € Xy, if the geometry is exact then as its VEM equivalent ITx (Ug)
corresponds to the local polynomial part of U around xg. Indeed, an immediate consequence of (4)-(5) is that if
U, x is the set of degrees of freedom of a polynomial 7x € P;(R?), then Ig (U, x) = ng, while if U, x is the set of
degrees of freedom of a polynomial 7x € }P’O(Rd), then Mg (U, k) = mg. However in the more general case of an
approximate geometry, we only get an approximation of the polynomial part and the above formulae are only true up
to a term of magnitude 4%.. In other words, it means that our discrete reconstruction Ig (Uy k) will not satisfy exactly
what engineers call the patch test. Numerical results will illustrate that this approximate consistency is nevertheless
enough to obtain convergence and that satisfying exactly the patch test is not mandatory.

For any ¢ € C°(R?) (and more generally for any function for which it makes sense), we denote D (¢) = (¢(Xc)) s,
the local set of degrees of freedom associated with ¢, while D(¢) = (¢(x,)),,s denotes the complete set of degrees
of freedom associated with ¢.

We then define af : Xy x X Xnx — R by

af (U, Vi) = mgVIg (Ug) - VIIg (Vi) + s5(Ux — Dg (g (Uk)), Vi — Dk (I (Vi))) 21

K

where s* is a positive symmetric bilinear form on Xy x x Xy k, such that

SK(UK’VK) = mKhI;Z Z Z SK,o’,(r/uo'v(r/ (22)

oeFk ()'/ €Fx

where Sk = (S .o/ )so’er, Can be any symmetric positive definite matrix independent on the geometry G associated
to the network, for which we denote

S, = inf inf £'Sxé and  S* = sup sup E'S k€
KET geReard(Ti) | [g]|=1 KET geReard7k) | |£]|=1

Of course, we define a bilinear form a;, : X x Xy — R by setting

ap(U,V) = Z ay (Ug, Vi)
KeT

For the right-hand side, assume that fx is an approximation of f at Xx (for instance, one can use f(xx) if f is regular
enough for this quantity to make sense), then we define a linear form [, : Xy — R by setting

W(V) = ) mxfxM (Vi)

KeT

Then, the discretization by the network element method consists in finding a solution U € Xy, o of

Clh(U, V) = lh(V) forall Ve XN,O (23)



2.3. Some practical remarks on the network element method
Let us make the above discrete variational formulation more explicit in terms of degrees of freedom. For any

(U,V)e X3,
af (Ux, Vi) = mgVIIg(U)VIIg(V) + mgh” D7 Y S g ot (g — T (U) (x0)) (vyr — g (V) (x,0))

oeFx g—' €Fx

Notice that by definition of I, we have
Uy — HK(U)(XU—) = Uy — MK(U) — VK(U) . (x[, — EK)

1
= Uos — Z Yo" Us" — Z Us"Ng o' (xD' _xK)
g my g
o eFx o eFx

A straightforward computation leads to

a;f(U](,V[() = 2 2 AZ’(TIMO-VU_/

o€Fk o’ eFx
where 1
’ ’

g0 __ —2Qo,0

A" = —NAxlg g Mgy T mrh ST
mg

: T

S37 =TS ok o4
1

" ”"

o o
YKo = (yK,O')(rHGT'K’ Yo = 60,0'" ~ YKo — m Nko - (xO'” - xK)
K

where 6, . is the Kronecker symbol. For the second member, we immediately get

(V) = Z Z Lve with L% = mgfxyke
KeT oeFk

and thus (23) is equivalent to solving
(25)

KeT oceFk

’
2 2 2 A v = ), ), Live
KeT oeFk ¢ eFx

complemented by the boundary conditions #, = 0 and v, = 0 for any o € F,,. To get an even more familiar
version of this system, let us introduce the square matrix A of size card(F) as well as F € X such that and for any

0,0 € Fim )
o0 _ loa
Ay, = Z AZ”  and f, = Z LS
KeT, AT/ KeT,
and for any o, o € Fin
Ayy,=06,, and f,=0

Problem (23) is then equivalent to solving the linear system
AU=F

Then, assuming an ordering of the interfaces such that the elements of ¥,, are the last ones in the list, this rewrites

< AsFiw 0 > U ( Fyg, )
0

0 I,



Algorithm 1 Pseudo code for assembling the network element method

Initialization:
All matrix and vector coefficients are set to zero.
Set one on the diagonal entries of the matrix corresponding to elements of 7,
Assembly loop:
for K € 7 do
Compute the barycentric weights yk - if necessary

Compute all the local terms A
for 0,0 € Fx do /
if both o and o € Fiyy, add AL to the line o of the matrix A at column o
end for
for o € F¢ do
if o € Finr, add L to the line o of the second member
end for
end for

where Iz, is the identity matrix on R ¢(7ex) which is the familiar form of a finite element matrix. The boundary
degrees of freedom can then be either eliminated or handled through Schur’s complement to reduce the size of the
final linear system. Also notice that the obtained matrix has the same kind of sparsity pattern than finite element
matrices, as given an interface o its stencil is reduced to the interfaces sharing a common cell. The scheme can thus
be implemented in a finite element fashion, looping over all cells K € 7 and incrementally constructing the global
system. In other words, a possible implementation would be to follow the pseudo code described in algorithm 1.
Due to the fact the discretization network has a mesh-like structure and that we can resort to classical finite element
assembling procedures, the network element method can relatively easily be incorporated in existing codes already
dealing with unstructured meshes.

2.4. Basic properties of the network element method

Obviously for the above method to be of any practical interest, we must check existence, uniqueness and stability
of its solutions, as well as its consistency with the continuous problem. To this end, we introduce the first measures
of quality of the discretization network

']K,(T

mg

and Oy = sup sup |yko|
KeT oeFk

6 = sup sup hg
KeT oeFk

It is clear that the smaller 8y and 6, are, the better the network is. Let us also denote

07 = max card(F;

4 KeT ( K)

We start by considering the consistency of the method with the original problem. Fortunately, it is an immediate
consequence of the consistency of the approximate network geometry.

Lemma 2.1 (Strong consistency). Let (N, G) be an admissible discretization network and an associated admissible
network geometry. For any ¢ € CL(RY), there exists C, > 0 depending only on ¢ such that for any K € 7 and any
x € B(xk, &x) where £k < kerg with kg > 1

lp(x) — Mg (Dx(9))| < dreOmbsCohk

while for any ¢ € C*(RY), there exists another C, > 0 depending only on ¢ such that for any K € T and any

X e B(XK,fK)
|V90(x) — VK(DK((,D))| < aﬂ(dl/z + d3/2 + dthK)C¢hi + K§26H6¢C¢h1<

10



and

1 1
lp(x) — g (D (p))] < §K§9M9¢9ﬁ(dl/2 + d? 4 diehg)Cohl T + k2Opmb5 (1 + zxgenayc)cwh;

For any ® € C*(R%)4, there exists Co > 0 depending only on ® such that, for any K € T and any x € B(xx, k)
|div ®(x) — DIVg(Dx(D))| < Oa(d + d* + d*kehy ) Colly + k0nbs Cohy

where
DIVk(Dk(P)) = — 2 Mo ®(xs)

0’67'-1(

Proof. Using Taylor’s expansion formula, we have for any o € g
olxo) = o) + X 5o )" [ gl 41— )
|or|= 1

and the first result follows by noticing that

1
D (ke —x)" L p(x + 1(x, — x))| < drechy ‘stl 16°¢ll- @)
|a|=1 a|=

as |x, — x| < rx + &g < kehy for any x € B(xg, &), and using the fact that 3~ vk, = 1. For the second result,
using again Taylor’s expansion formula, we have for any o € Fx

o(xs) = @(x) + Vo(x) - (xo —X) +2 ] o — 0" L (1 —1)0%(x + t(xs, — x))

and thus, by definition

Ve(De(e)) = 3 e, + D) - Velx) - (xk —

oeFx oeFx

3 V) (e + e [ 5 | =02t + s = 20)

U'ETK K €Tk \|a|=2

Using the first order approximate consistency properties (4) and (5), this leads to

Vk(Di(p)) = Ve(x) + (p(x) + Vep(x) - (x5 — x))) &% + Z Z ex 0

i=1 j=1

_A'_i Z Z (xo—_X)dJO(l _;)(?“go(x—kt(xg—x)) Mo

m a!
K oeFfk \|a|=2

Noticing that

@

! Xy — X
2 3 B [0t it o) < (2 5 EEE ) el
. al=2

la|=2 |a|=2

11



the multinomial theorem ( o
Xo— X _ 2
2 Z —r = |xe — x|
|a|=2

and the fact that |x, — x|* < k¢*h% for any x € B(xg, &), we immediately get

Veo(x) — Vi(Di ()| < Ol (d"?||| |0 mey + (@ + diehic) sup |07 ]| 10 e))

la|=1
ke OnO5hy sup |[0%¢l| 1 ey
|a|=2

Noticing that
k(D (p)) = Mk(Dk(p)) + Ve (Dk(p)) - (x — ¥k)

and that the same Taylor’s expansion leads to

My (Di(p)) = o(x) + Vo(x) - (Xx —x) + 2 Z Vo Z M

o€Fk la|=2

Jl(l — 1)0%0(x + 1(xy — X))
0

a!

Using the multinomial theorem as above, for any x € B(xg, &) the last term is easily bounded by

a rl
Xo — X a @
2> yke D, %f (1 —1)0"¢(x + t(xy — x))| < Ombr|xo — x|* sup [|0%¢][ 1o (ra
a! -
oeFk |a|=2 0 |a]=2
while by construction we have that for any x € B(xg, &)

Z Yko(Xe — X)

oeFk

<Om Y, [Xe — x| < O (rk + £k) < keOmbrhy
oeFk

Xk — x| <

as X er, Yko = 1, which, combined with the previous result, gives for any x € B(xg, £x)
1
|(Veo(x) — Vi (Dk (@) - (Fx — x)| < =keOmbr0a(d"? + d + diehy)C h2
2 ¢ 3 ¥'K

1
+§K§39M9H9;C¢h%(

Combining those two estimates immediately gives the third result. The last result on divergence operators can be
established proceeding the same way applying Taylor’s expansion formula on each component of ® and the first order
approximate consistency properties. O

Remark 2.2. In general, what we want to establish on a given numerical scheme is consistency at some 47 approxi-
mation order, for any functions belonging to a given space V. To do so, in general one uses the fact that P, (RY) < V.
Then, if polynomials are exactly computed by the numerical scheme (i.e. if the method satisfies the patch test exactly),
combined with polynomial approximation results this is in general enough to establish the consistency of the scheme.
However, this approach gives a very specific role to polynomials. Indeed, if a method approximates polynomials with
the expected rate /49, then polynomial approximation results will also lead to the consistency of the method and exact-
ness on polynomials is not necessary. Thus, allowing approximate geometries is definitely not a major issue provided
we have the correct amount of control over the additional consistency errors, reflected in our consistency estimates by
some extra terms in h‘,’( with respect to what one could expect.

12



Thanks to the variational nature of the network element method, its stability analysis can be conducted in a classical
Hilbertian setting. To do so, we naturally endow the space of degrees of freedom X x with the bilinear forms

(U, V)ox = meMi(Ux) Mk(Vi) + Y m(te — Mx(Ux)) (ve — Mk(V))

oeFxk

and
(U V)ik = D) mehi* (s — Mk (Uk))(ve = Mi(Vi))

oeFk

and the associated norm [|U|[2 , = (U, U)o and semi-norm |U|{ = (U, U), k. while we denote |[U|[} x = [|U][ «+
U |% x- We endow the space of degrees of freedom X with the bilinear forms

(U.V)o= > (U V)ox and (U V)= Y (U.V)ix

KeT KeT

and the associated norm ||U||3 = (U, U), and semi-norm \U|? = (U, U),. Then we define
(U.V)x=(U.V)o+ (U V) and |[|U|]3 = (UU)x

which are obviously a scalar product and the associated norm on X/, making X, a Hilbert space. To conclude this
preliminary study of the network element method, it remains to study the stability properties of the bilinear and linear
forms defined above regarding those norms.

Lemma 2.3. Forany Uk € Xy k:
mg [V (Ux)|* <26307 Y myhg* (s — My (Ux))? + 2dmi0%hd | My (U)|?

oeFk

Proof. Using the conditions of (4)-(5), we can rewrite

= Z — Mg (Uk))iigo + M (Uk)ey

0'67‘-](

Thus, we deduce that, using Cauchy-Schwarz inequality

my [V (UK < (Z mKh — Mk (Ux)) > (Z hK’”El |'71<a| ) + 2mg | My (Uk) e |*

geFx oeFk

<2 ( Z mKhI;Z MK UK > (Z ]’l2 ,IKO— ) + 2dm%<0§[h?|MK(UK)|2
oeFx oeFx

from which the result immediately follows. U
We immediately deduce:
Lemma 2.4. Forany (U,V) € X,zw(

af (U, V) < (26705 + 2d051°") + S* (2 + 463,603,05 + 4d036%,0:-h°)) ||U||xx||V]|x.x (26)
while for any (U, V) € X2

ap(U, V) < (26567 + 2d651°7) + S*(2 + 463,6},05 + 4d65,63,05-177)) [|U||x||V]|x (27)

13



Forany U € Xy i

S
K * 2
A (U.U) > —E U, (28)
1+ 63,078 «
while for any U € Xy:
S
an(U,U) = U} (29)

= 2 93
1+ 63,625,

Finally, for any V € Xy

1

lh(V) < Cf|V|() where Cf = <Z meK2> _ (30)

KeT

Proof. Using Cauchy-Schwarz inequality, we immediately get

1 1

(V) < (Z mK|fK|2> <Z mK|MK(VK)|2> < CslVlo

KeT KeT

Next, still using Cauchy-Schwarz inequality, we get

Z sK(Ux — Dk (g (Uk)), Vi — Dk (Tg (Vi)))
KeT

1
2

(Z mgh*|Vg — Dk (g (Vi) |2>

KeT

[N

< S* (Z mKhI;Z\UK — Dk (Tl (Uk)) 2)

KeT

Notice that
Uk — Dk (kg (Ux)) = Ux — Mk (Ux) — Dk (Vx(Uk) - (x — ¥k))

and that for any (o, ") € 72, by construction we have |x, — x| < hg, so we have as Yver, YEo = 1
1Dk (Vk(Ux) - (x = Xk)) | < Ombrhk [V (Ux)|

which implies
Uk — Dk (T (Ux)) P <2 ) [y — My(Ux)* + 2058305 Vi (Ux)

O’ETK

Then, lemma 2.3 gives

1Y mihilue — Mx(Uk) > + mi6,6 [V (Uk)* < (1 + 26363,65)|U|T + 2d0.463,65 0 |U3
KeT oeFy

and we deduce that

Z s¥(Ux — Dk (I (Ux)), Vg — Dk (g (Vk))) < 25*(1 + 26563,05) U1 V] + 4dS *0.463,05-h*"|U|o|V]o
KeT

Thus, using again Cauchy-Schwarz inequality and lemma 2.3 leads to
an(U, V) < (20305 + 2d07h°7) + S*(2 + 465,6},05 + 4d050,,05-h7")) ||U||x||V||x

Finally, using the identity

(a—b)2>1i P —pb® Y(a,b)eR% Vp>—1 31)
o

14



proceeding as above we see that, for all p > —1

Uk = Dk (Mx(U) 2 = 3 lur = M (UK = phiéi 6 [V (U
O'ETK
and thus: S
2 3 2, Pox 2
ah(U, U) = (1 7109/\497:5‘*) Z mg |V[((U]()| + m |U|l
KeT
Taking p = m gives the desired result. The proofs of the local versions are exactly the same, simply omitting the
MEF
sums over K € 7. O

Notice that as X o has finite dimension, uniqueness is sufficient to get existence, then the above results gives existence
and uniqueness of the discrete solution. Indeed, all norms being equivalent in the finite dimensional setting, as |.|; is
obviously a norm on Xy o estimate (29) is thus a coercivity estimate for this norm . This means that at this step we
already know that it makes sense to consider the solution given by the network element method. However a discrete
Poincaré’s inequality is still missing if we wish to establish the stability of the method in the || - ||x normwith network
independent constants. We recall the following definition: a domain Q of R is said to satisfy the cone condition with
angle 7 and radius r if for any x € Q, there exists £ € R? with |¢| = 1 such that C(x, £, 7,r) < Q where C(x,&,7,7)
denotes the cone

C(x.&.t.r)=Bx,r) n{yeR*| (y —x)"é > |y — x[cos 7} (32)

and we recall the well known result that if Q is Lipschitz then it satisfies the cone condition for some 7 and r (see
[27, 28]). Introducing the last measure of quality of the discretization network, we set

0 sup ma <|BKmQ| mg )
7 = Su X )
KeT mg |Bx N Q|

and we denote S¢ = |B(0, 1)| the volume of the unit ball in dimension d. Then, we have

Lemma 2.5. Assume that Q satisfies the cone condition with angle T and radius r, and denote 6 > 0 the smallest real
number such that for any K € T
6 g < min(r,rg) < 6rg (33)

Then there exists Cpx,, > 0 depending on 7, 6, ny, 07, and Q such that, for any U € Xy o

1UII5 < Crxy UL

Proof. This proof is an adaptation of the proof of the discrete Poincaré’s inequality of [29] in the case of finite volume
meshes.

Let v € RY such that ||v|| = 1. For any x € Q, we denote £, the half-line with origin x and direction v. Let y(x) be
the point of £% ~ Q such that [x,y(x)] < Q and the length of [x, y(x)] is minimal (i.e. y(x) is the first point of /Q
along L}).

Then, by construction of the network, there exists an integer p < card(7"), a family (K;)o<i<p of elements of 7~ and
a family (0741 )o<i<p—1 Of elements of # such that forany 0 <i < p — 1, {K;, Kiy1} © T4, ,, and such that x € K
and L} then goes through each of the By,’s once until reaching By, with y(x)e Bk, and Foy N Fg, # . Thus, we

have
p—1 p—1

MK(U) = Z (MK,(U) - "‘(Ti.i+1) + Z (”0:.:+1 - MK:‘+1 (U)) + MKP(U)

i=0 i=0
As there exists 0 41 € Fk, N Fex, forany U € Xyp as u,,,., = 0, we have
Mk, (U) = Mg, (U) — u, .,
15



Denoting 7y the family (K;)o<i<p, and ;. = F1 0 (041 )o<i<p for any L € 77, it is consequently obvious that for
ae. x € By
M) < Y, D)l U)]
LeT vy o€,

Using the orientation defined by v, we denote x; , the first intersection point of B, with L and xj | the last one,
and, we denote I} the subpart of LY. delimited by the intersection of £}, with By, i.e. the interval delimited by o I
and oy . As L" goes through the By,’s only once, then o7j_; and 074 are each either on the xj ; or x7 | side of
LY, and each on opposite sides. In general, we will have o;_;; on the xz’o side and o4+ on the xz’l side, but for
very specific configurations on coarse networks the other case might nevertheless occur. We denote x} . the point x}
corresponding to any o € ¥ .

Denoting ) = u LeT F L" » forany o € ¥, let Pp, be the projection of By n Q onto the plane containing x‘i’u_ and
orthogonal to x7, — xj .. Defining x7, on RY x R? by setting yz,(x,y) = 1if Pry 0 [x,y] # & and y1(x,y) = 0

otherwise, we get
IMk(U)| < D) D) Ju (U)lxro(x,y(x))

LeT y o€F),

Denoting ¢, = ‘(xL — xz)g) . v‘, as v is fixed it is clear that we can find for any K € 7 a x € Bk such that ¢;, # 0
forall L € 7y and all o € ¥}, thus using Cauchy-Schwarz inequality we get

Mmop< (Y Y e M )'Mx,y(x)) Y i)

LeTpy oeFy, LeT y oy,

However, we have

DTSR Sl S Sl S IR

LTy oeFy, LET y 0eF7, LET y 0€F7

By construction, we have (see figure 2)

M| —xy ) v < 1)

oEFy

Next, observe that each part of £ is covered by at most 1 by intervals I when summing over L, i.e.
p x Y NN DY L g

1 < nndiam(Q)

LGTL;

Thus:

M) < n diam(@ (ZZ e~ M ”m(x,y(x)))

LeT oeF,

Then, multiplying by my and summing over K € 7 leads to

mK\MK |MK(U)|2
KZE,;_ ,; |Bk 0 Q| BynQ
uy — Mg(
< nnbr diam(Q (Z Z lur = Mu(U)P or J Z XBKXLa(x,y(x)))
LeT oy CLo @ ke
) Uy — Mg (
< 77,2\,97 diam(Q (Z Z | L(U)F JXLU(X,,V(x))>
LeT oefy
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Figure 2: Illustration in dimension 2 for the bound on } LeT >

very, (L =x7,) Y]

The set of x € Q such that y;,(x, y(x)) # 0 corresponds to
Qn{xeR|x =y, —¢év, withy,, € P, and & > 0}

Thus, we have

JQXLD‘(x’y(x))< Proles diam(Q)

e — x|l

and consequently

Z mK|MK(U)|2 < 77/2\/97' diam(Q)2 (Z Z |y — MdU”z&)

KeT LeT oefy HxL o xZ,O'H

Prs
< 07 diam(Q)? (Z Z |ty — ML(U)|2%>

LeT o€y

as ||x, — x} || = r. by construction. Notice that [Pr,| < § f_lrz_l. As Q satisfies the cone condition, notice then

that for any L € 77, there exists & € R? such that

|BL N Q| = |C(xp, & 1,min(r,r))| = |C(0,&, 1, 1)|min(r, rL)d

Noticing that as |C(0,&,7,1)] is in fact independent on &, we can denote|C(0,&,7,1)| = |C(0,7,1)| this common

value and get
|BL 0 Q| = |C(0,7, 1)|min(r,r.)

Then, we get

d—1 d—1
NPl 1BLoQ [Pl St

< myf < 2mh; o767
MO0, 7 V|min(r, r)d S 70T

P =
| Lo'| m my, my, ‘BL M Q|
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and thus
d—1

S
Z mK|MK(U)|2 < 47’])2\, dlam(Q)ZQ;(;dw(ol—Tm Z Z le’l;2|I/l(,- - ML(U)|2
KeT > LeT oeFy,

and the result follows with i

S
CP,XN = 47]12\, dlam(Q)zeg—édK‘(Ol—Tm

O

Remark 2.6. Immediately, we notice that when & goes to zero, as r is a fixed property of Q we can take 6 = 1,
implying that the dependency in ¢ of the discrete Poincaré’s constant will never be a major issue.

This discrete Poincaré’s inequality immediately implies that the norm | - |; on Xy is equivalent to the || - ||x on
Xn.0, which now makes existence, uniqueness and stability of the discrete solution an obvious consequence of Lax-
Milgram’s lemma

Proposition 2.7. Assume that Q satisfies the cone condition with angle T and radius r. Let N be a discretization
network and G an associated admissible network geometry. Then there exists a unique solution to the discrete problem

Find U, € Xy such that
an(Un, Vi) = b(Va) forall Vi, € Xy o

and a constant C > 0 depending on 1, 6, ny, 07, 67, 07 and Q but not on h such that:
|UlIx < CI|Fl|o
where & is defined by (33) and F = (fx)ker-

Let us conclude this preliminary analysis by some comments on the quality measures of the discretization network
and its geometry. While 6« is clearly a bound on its connectivity, as one would naturally require on a mesh. Next,
a closer look to 6y reveals that it behaves like a local measure of the network deformation and combined with 6
and 67 it corresponds to the usual control over shape regularity or, from a classical finite element perspective, one
could say that it corresponds to the control over the number of shapes for reference elements. At first the quantity
07 seems to have no direct equivalent for classical meshes, as it quantifies in some sense the coherence between the
covering diameter and the prescribed local measure mg. However, as we will explain in the following section, it can
bounded by an equivalent of the usual chunkiness parameter, and can thus be considered as its equivalent. However,
64 measuring the quality of geometric consistency and conservation approximations, it cannot have an equivalent for
true meshes.

3. Numerical exploration

3.1. Practical construction of the network geometry

Assume that we are given an admissible discretization network N. Ideally, together with the generation of the
network the geometry generation step should remain competitive with the usual meshing and geometrical computation
steps. Thus, in the worst case it should not require more computational time than a meshing algorithm (of course,
we have in mind relatively complex algorithms like Delaunay or Voronoi mesh generation, or complex 3d mesh
generation, as we cannot hope to be competitive with very simple and instantaneous algorithms such as pure Cartesian
mesh generation without any kind of cut-cells). As our intention is to focus the present paper on the network element
method itself rather than on the network and geometry generation, we will consider a quite generic approach, which
is nevertheless far from being optimal in this regard. Possible paths for improving the performance of the geometry
generation procedure will be briefly discussed at the end of this section.
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To construct an admissible geometry, the most general procedure is to solve an optimization problem of the form

G = arg min J(G) (34)
GedAg

where Ag is the set of admissible geometries, i.e. satisfying (6)-(4)-(5)-(7). Obviously, to reduce the computational
effort we will not require a global minimum to our minimization problem. Moreover the cost function J must remain
relatively simple, so we can control the computational cost of those minimization problems to a large extent. Strictly
speaking any cost function J (G) could be used, however it seems relevant to choose one that allows some control
over the quality of the generated geometry i.e. on the geometry dependent constants appearing in our stability and
error estimates, while keeping a correct trade-off between the optimality of those constants and the computational cost
of the above minimization problems. In the present paper we restrict ourselves to the simplest cost function given by

6 m

JG) = Z K+_Z Z |’71<o—|2 ZwJK| ml<|2 ZZZ‘U}]K Alu
KeT KeT oeFk KE‘T KETL 1j=1
+% > wrolt® + %wg,g|ég|2 (35)

0E€Fin

where 5?/’_ and 6'7 are penalization parameters and where we have used the change of variable é?n Kk = mké‘% and

ALij Alij

&y x = Mkég / Thls change of variable leads to a quadratic optimization problem with linear equality and inequality

constraints, and is very similar to the one of [22].

Let us explain how to choose the weights involved in formula (35). The Lagrangian associated with the minimization
problem (34) is given by

d
(é ;l Z Z (Z an— _é(;<1> ;lOKl + Z Z Z (nKo- ) ﬁ’lK&] _é}(lj) 2}{'”

KeT i=1 \oeFg KeT i=1 j=

+ Z ( Z f]j(,o- - éﬁ;) ;lg— + (Z ﬁ’l[( — |Q| —_ éQ> Z /lmax ;l%in)

0€Fi \KET KeT KeT

where:

A

A= ((/lk)l(e% (/10 )KeT 1<i<d> (ﬂl’j)keT,lg,jgd, (;lfr)aeﬂl,,lgisd,/iﬂ)

denotes the set of Lagrange multipliers The Karush-Kuhn-Tucker first order optimality conditions associated with
the system are given by (setting /l’ =0 forany o € ¥,y and any 1 < i < d)

05 LG N) =wg o8, — A =0 (36)

00 L(G, ) = w8 = A =0 (37)

00 L(G. ) = wly k& g — A7 =0 (38)

O, LG.2) = e, + D, A (x5 — ) + A + 2, =0 (39)
j=1

d .

6,;,KL(§, ;l) = 6?mK — Z ;1}(11 /lmax ;lllgm + 29 -0 (40)
i=1

05, L(G. D) = wg08a — g =0 41)

complemented by the constraints (4)-(5), (6)-(7) and the complementarity conditions
Y eomp (g, V™) =0 and Y eomp (7| Bk | — g, Ap™) = 0
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where Y, can be any complementarity function, such the minimum function or Fischer-Burmeister function, and
7 > 1 a fixed parameter. The upper bound constraint on the measures is introduced for reasons that will immediately
become clear. Indeed, using our analogy between network geometries and mesh geometries, let us denote

A 1
hg = = max |x, — Xg|
2 ceFx

and assume that /g behaves as fz‘,’( and ’720 as ﬁf{l and the penalization parameters as constants independent on /.
The upper bound constraint on the measures is a practical way to ensure that it will effectively be the case. Then, in
the worst case, we have that

ALij  2d—2 40, £d—1 A4i pd—1 4 2d—2
Ag” ~ hy and Ay ~ Ky and A, ~ Ay and Aq ~ hy
Thus, to enforce that the approximation errors will be related to the local radii, in other words that hx will behave like
hg, it seems relevant to choose
0 1 | 1 1 1

Wk = ilerl Wgk = }Alp+2 Wge = — ilerl wgo = — i/‘lp+2
K K mingeg K

Numerical experiments confirm that the above choice indeed gives the expected behavior, the practical choice for the
remaining weights being ¢0'; = 0.1 and 69 = 0.01. The minimization problem (34) with cost function (35) is solved
in practice by applying Newton-Raphson’s algorithm to the corresponding system of Karush-Kuhn-Tucker first order
optimality conditions.

Even if our intention in the present paper is not to describe the most efficient way to compute a network geometry, let
us make some comments on the way we solve this optimization problem in practice. As noticed in [22], efficiently
solving this problem requires to take its specific structure into account. Indeed, it is extremely important to notice that
once linearized, most unknowns can be eliminated through static condensation (i.e. Schur’s complement), reducing
the linear system to the face Lagrange multipliers /Alfr and the global Lagrange multiplier Ao, i.e. a system of size
1 + dcard(Fin). Several linear solvers have been tested to invert the involved linear systems, the best choices for
our set of experiments seem to be GMRES and LSQR as they can handle efficiently linear systems with a non empty
kernel or close to ones possessing a non empty kernel. Finally, let us mention that a good initial point for the quadratic
optimization is obtained by solving the same system without the conservation constraint (7). In this case, all the cell
unknowns can be eliminated by static condensation in the resulting linear system, leaving only Aq as a global variable.
This initialization routine thus only involves small matrix inversion in each cell to perform static condensation, and in
general a single Newton iteration of the overall optimization procedure.

As the minimization problem can only be approximately solved in practice, if G* denotes the approximate solution of
the minimization problem at the end of the process we need to recompute the exact errors £(G*) directly from (4)-(5),
(6)-(7) applied to G*. In other words, we set

0. 1 ; .
s(;(,z:m Do, VKeT,Vi<i<d
K oeFyx
and |
g = — D k(b —xl)—6; VKeT.V1<ij<d
mK ’
oeFy

and

ga= > mi—1Q and & = > it VoeFu, Vi<i<d
KeT KeT,
This allows to take into account the solver error accurately. Finally, let us mention that if 64 and 6y are directly
computable from the network’s geometry, parameter 64 is more delicate to obtain. However, it can easily be bounded
by considering for any K € 7 the inradius

px = min | — Xk
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and then computing:

sup ( mg |B K ‘ >
6" = maxmax | 0, ——
KeT |B(xk,pk)| mxk
For polygonal domains provided all points defining the boundary of Q are included in the set of interface points, we
clearly have 6 < 6."”. For domains with curved boundaries, the above 6. will only be an approximation of an upper
bound for 8 if the discretization is too coarse, that will become more and more precise as we refine the discretization
network. Nevertheless, as it is anyway a very strong upper bound even for polygonal domains, the true 67 being in
general much smaller, in the following we will mostly use the easily computable 6?,';”’7 to assess the behavior of 64 for
the studied geometries.

3.2. Mesh based networks

To conduct a first numerical study of the network element method (NEM), we start by considering some classical
numerical test cases and the associated meshes. Although it can seem surprising to consider meshes as we have done
all that we could to derive a completely meshless method, the interest of doing so is two fold: first, it will allow an
easy comparison with the first order virtual element method (VEM) as we can use VEMs on the underlying meshes,
and also using classical difficult and distorted meshes, we will have a first glance at the robustness of the NEM on
distorted networks. By convention, we will set 4 = 1 for true mesh geometries.

Let us mention that although in the present paper we build discretization networks out of meshes mainly for com-
parison purposes, such networks can be of practical interest. Indeed, it is not uncommon to encounter in practice
workflows that start from badly shaped meshes only intended for data representation and that nevertheless keep those
meshes for simulation. The reason for doing so is that generating a new mesh that has a sufficient numerical quality
while retaining the main features from such data-oriented meshes can prove to be very difficult. Resorting to the
network element method could be a good alternative in such situations, as it is not directly constrained by mesh cells
quality.

We consider two ways of generating a network and its associated geometry starting from a mesh. Both will use the
cell barycenters and diameters to define the point cloud and its connectivity. The first way of getting a network and
its associated approximate geometry is very simple: it consists in choosing the interfaces to be the faces of the mesh,
and to define the approximate geometry by perturbing the exact mesh geometry, i.e.

9;{111(1 ‘ K|

my = |K| + -2 ——
[¢]

diam(K)’wg Y KeT

and
Mo = |o|nk, + 05" diam(K) oy, VKeT,VoeFg V1<i<d

where the wg’s and w%’v’s are randomly generated numbers taking values in] — 1, 1], and 9;‘{1”" a fixed amplitude

parameter, set to 6);‘:”‘1 = 1 in the following experiments. This will allow to study the impact on convergence of the
approximation errors in a very simple way. This perturbed geometry approach will be denoted NEM-GPG (for “grid
perturbed geometry”) in the following tests.

The second way consists in constructing the discretization network by choosing the interfaces to be either the vertices
of the mesh or some random perturbations of the vertices and then of course solving the minimization problem (34)
with cost function (35). Those two approaches, vertex based and perturbed vertex based, will be denoted NEM-GV
and NEM-GPYV (for “grid vertices” and “grid perturbed vertices”) in the following tests.

Finally, let us mention that to study the L? convergence of solutions, we will consider

1/2
(Z m |u(Xk) — MK(U)2>

KeT
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which, if the exact solution # is regular enough as in our tests cases, will be in principle a 4> approximation of the true
L? error. Notice that all the numerical tests in the following where performed with p = 2 and Xx = x.

To assess the behavior of the method when the network is generated from a distorted mesh of Q =10, 1[x]0, 1[, we
consider the test case
u(x,y) = sin(rx)sin(my) (42)

which will be named Sinusoidal2D. We consider four types of mesh sequences, from which we generate the dis-
cretization networks. The first one (2dDualDelaunay) is obtained by considering the dual meshes (the cell formed
by joining the centers of the cell of the primal mesh) of a sequence of Delaunay meshes, while the second one
(2dVoronoi) is obtained by considering the Voronoi meshes associated to the same sequence of Delaunay meshes.
These two approaches generate polygonal meshes with quite generic cells. The third sequence (2dKershawBox) of
meshes is a sequence of Kershaw meshes of the unit square, while the fourth one (2dCheckerBoardBox) is a sequence
of checkerboard meshes of the unit square. These two sequences have only quadrangular cells which are distorted for
the sequence 2dKershawBox and non-conforming for the sequence 2dCheckerBoardBox.

Figure 3: Example of meshes for the 2dDualDelaunay and 2dVoronoi mesh sequences
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Figure 4: Example of meshes for the 2dKershawBox and 2dCheckerBoardBox mesh sequences

We display the convergence curves for each mesh sequence on figures 5 and 6, as well as the approximate convergence
rates in table 1. We see that we recover the expected L? superconvergence, i.e. a convergence at rate h>. Moreover, the
different network geometries lead to schemes that have roughly the same behavior than the first order virtual element
method (VEM) solved on the original mesh. Thus, the method is a reasonable alternative for those first tests cases.
On figures 7-8, 9-10 and 11-12, we display the quality parameters 0;1“’ , 01 and 04 corresponding to the generated
networks and also to the mesh itself.
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2dVoronoi mesh, Sinusoidal2D
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Figure 5: Convergence curves for Sinusoidal2D for the 2dDualDelaunay and 2dVoronoi mesh sequences
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Figure 6: Convergence curves for Sinusoidal2D on the 2dKershawBox and 2dCheckerBoardBox mesh sequences

Table 1: Approximate orders of convergence for Sinusoidal2D

2dDualDelaunay  2dVoronoi  2dKershawBox  2dCheckerBoardBox
VEM 2.065 2.024 1.973 1.999
NEM perturbed geometry 2.077 2.000 1.997 1.993
NEM vertex based 2.077 1.946 2.137 1.983
NEM perturbed vertex based 2.081 1.948 2.140 1.990
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2dDualDelaunay mesh

2dVoronoi mesh
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Figure 7: Quality parameter 6" for the 2dDualDelaunay and 2dVoronoi mesh sequences
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Figure 8: Quality parameter 9,‘;5”’ for the 2dKershawBox and 2dCheckerBoardBox mesh sequences

The first remark is that we indeed control those parameters for all the considered mesh sequences, as they do not blow
up when / goes to zero. Next, we see that roughly speaking they more or less follow the behavior of their equivalent
for the underlying mesh, revealing in particular that the network geometry generation procedure through optimization
do not lead to unreasonable quality. Moreover, we see that the three sequences 2dDualDelaunay, 2dVoronoi and
2dCheckerBoardBox are indeed perfectly regular sequences regarding those parameters. The situation is different for
sequence 2dKershawBox as expected: even if they remain under control, the three quality parameters 6.-", 6 and 84
noticeably increase when we refine & for the Kershaw meshes. Interestingly, it is also the case for the mesh itself. Thus
this slight degeneracy does not come from the fact that we have generated a network geometry, but rather from the
spatial distribution of cells and interface, reflecting Kershaw meshes distortion. In fact, the Kershaw mesh sequence
has been precisely devised for this purpose: it is not a completely regular mesh sequence, the usual mesh parameters
such as the chunkiness parameter do degenerate when 4 diminishes. All in all, those first results validate both the

24



2dDualDelaunay mesh 2dVoronoi mesh

T T I T T I
351 —&— Net-GPG || —6— Net-GPG
—— Net-GV —— Net-GV
& NetGPV = 5 Net:GPV ||
o~ 3 | —*—  Grid | o~ —+*—  Grid
3 3
= = 251 N
T 25| 15
X X
S S 2 :
S S
s I
1.5+ =
1.5 I
I I I 1k | I | |
0.1 0.2 0.3 0.1 0.2 0.3
h h
Figure 9: Quality parameter 6ry for the 2dDualDelaunay and 2dVoronoi mesh sequences
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Figure 10: Quality parameter 6y for the 2dKershawBox and 2dCheckerBoardBox mesh sequences

geometry generation procedure though optimization as well as the network element method itself.

To conclude our mesh-based experiments, we consider two configurations in dimension 3. We consider the test case
Sinusoidal3D:
u(x,y) = sin(wx)sin(my) sin(nz) 43)

We test this solution on a randomized box mesh sequence 3dRandomBox, as well as on the distorted mesh sequence
3dSweep displayed on figure 13. Meshes of this last sequence are obtained by mapping a polygonal mesh of the unit
square in the xy plane to a non planar surface. In order to do so, we need to relax the constraint that # should vanish on
the boundary and allow non-homogeneous Dirichlet boundary conditions, by simply taking the values of the function
at interfaces belonging to ., i.e. setting u, = u(x,) V o € F,y. Of course this is clearly out of the scope of
the theory developed in the present paper, however as both u and its trace are smooth, the extension to such cases is
relatively straightforward. We hope that the treatment of general boundary conditions with minimal regularity could
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Figure 11: Quality parameter 84 for the 2dDualDelaunay and 2dVoronoi mesh sequences
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Figure 12: Quality parameter 84 for the 2dKershawBox and 2dCheckerBoardBox mesh sequences

be the subject of a future paper.

Convergence curves are displayed on figure 14 and approximate convergence orders on table 2. Exactly as in di-
mension 2, all the mesh-based geometries lead to network element schemes with L? superconvergence and a behavior
similar to the first order VEM. Notice that in this context, it is not surprising that the face-based NEM-GPG is no-
ticeably more precise than the vertex based VEM and NEM variants: indeed, those 3d mesh sequences have much
more faces than vertices, thus it is only legitimate that a considerably larger number of unknowns provide an increased
precision. The quality parameters for those 3d mesh-based test cases are displayed on figures 15, 16 and 17. We see
that as in dimension 2, they remain under control and in fact follow once again their equivalent on the underlying grid,
further validating the network geometry validation procedure.
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Figure 13: Example of meshes for the 3dBoxRandom and 3dSweep mesh sequences
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Figure 14: Convergence curves for Sinusoidal3D on the 3dRandomBox and 3dSweep mesh sequences

Table 2: Approximate orders of convergence for Sinusoidal3D

3dRandomBox  3dSweep

VEM 2.302 2.016
NEM perturbed geometry 1.923 2.114
NEM vertex based 2.253 1.944
NEM perturbed vertex based 2.251 1.942

3.3. Generic networks
Let us consider the sectorial domain Q of R? displayed on figure 18, that is centered on the origin, of aperture
angle w and radius R, i.e. in polar coordinates

Q={(rd|0<r<Rand0 <6< w}
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Figure 15: Quality parameter H;f’p for the 3dRandomBox and 3dSweep mesh sequences
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Figure 16: Quality parameter 6y for the 3dRandomBox and 3dSweep mesh sequences

On this domain, we define in polar coordinates the following test (named ConvTest5)

x b1 2n\ = no
,0) = (r — R)ro sin(— ith  Au(r,6) = 1+ = | ro tsin(—
u(r,0) = (r—R)r sm(w) wi u(r,0) ( + w)r sm(w)

This test has two main interests: it will illustrate the ability of the network element method to cope with domains with
curved boundaries, and allow to study its behavior when the solution regularity diminishes. Indeed, if a straightfor-
ward computation reveals that, at the origin, the first derivatives behave in re—!, a more tedious computation reveals
that the second derivatives behave in r& 2. Thus, while the gradient will be square integrable as soon as 2 =20
which is always satisfied, for the second derivatives to be square integrable we need that £ > 1. By interpolation
one could then establish that for u(r, 6) to belong to H'**(Q), we need that s < X, while always satisfying u € Hj ().
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Figure 17: Quality parameter 84 for the 3dRandomBox and 3dSweep mesh sequences

Figure 18: Sectorial domain and example of associated network (orange triangles are interfaces, blue circles are cells, lines represent the connec-
tivity)

Table 3: Approximate orders of convergence for AngularSector2D

w 120°  180°  240°
NEM 1906 1949 1.794

We consider three values for the aperture angle w: 120°, 180° and 240°. The discretization networks used were
generated using a cartesian matrix as basis complemented by the intersection points between the cartesian cells and
the sectorial domain boundaries, as displayed on figure 18. The cartesian cells are refined in an AMR fashion near
the boundaries to improve the quality parameters of the network and generated geometries. Convergence curves
are displayed on figure 19 while approximate convergence rates are given on table 3. As for mesh-based networks,
the measured convergence rates are coherent with L? superconvergence, i.e. max(2,2s) for solutions belonging to
H'*$(Q). The case w = 240 is as expected the one with lowest convergence order, with an approximate rate of 1.794
coherent with the theoretical rate of 1.5 and the fact that our network generation procedure automatically refines the
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Figure 19: Convergence curves for AngularSector2D and parameter G;f‘p for aperture angles 120°, 180° and 240°
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Figure 20: Quality parameters 6y and 67 for the AngularSector2D network sequences with aperture angles 120°, 180° and 240°

network near the boundary where the singularity of the solution is located. The evolution of the quality parameters
with the size £ is displayed on figures 19 and 20, and we see that as for mesh-based networks, no blow up is observed
and they remain under control during the refinement process. In fact, most of their observed deterioration comes from
the very basic handling of the boundary of the domain. Indeed, intersecting an arc with cartesian cells can lead to sets
Fx of interfaces where all the interfaces are quite close to each other, creating a very small cell. A very basic network
regularization procedure consisting in discarding the degenerate cell and agglomerating those interfaces to the closest
correct cell was applied, but there most certainly remains room for improvement. In any case, we see that the results
are already satisfactory for this curved domain with some non smooth analytic solutions, as we were able to generate
networks and geometries with controlled quality parameters and to obtain convergent numerical solutions, resorting
only to a very basic network generation procedure.

To conclude this section devoted to numerical exploration, we consider again the function
u(x,y) = sin(nx)sin(my)sin(nz) (44)
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on a set of relatively complex 3d domains, relaxing again the constraint that # should vanish on the boundary. We
consider the 3d polygonal objects displayed on figures 21 and 22, rescaled to fit inside a unitary cubic box. The
corresponding .obj files were downloaded from [30] where their author has released them into the public domain. The
discretization networks used were again generated using a cartesian matrix as basis complemented by the intersection
points between the cartesian cells and the polygonal objects boundaries and the same regularization process was
applied. The main point here is not to exhibit a generic network generation procedure, but rather to assess if even at
such an early stage of the network element method and such a crude network generation procedure, we are already able
to cope with domains that otherwise require quite complex meshing algorithms. Convergence curves are displayed on
figure 23 while approximate convergence rates are given on table 4 and the evolution of the quality parameters with
the size / is displayed on figures 23 and 24. As our network generation procedure is very simple, it generates cells for
which pg is quite small and the estimate 0;?” becomes too coarse to remain relevant for those test cases. This is the
reason why we replace it by
67 = max max <—mK , @> <6
KeT |BK N Q|approx mg 7

where |Bx N Q|qpprox 18 an easily computable approximation of |[Bgx N Q|approx- In our experiments, we have used a
basic approximation of Bx n €, computed by using a cartesian discretization of the cube included in Bx and defining
|Bk N Q|appm)C as the sum of the volume of the cartesian sub-boxes whose center is inside Q.
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Figure 22: Third and fourth 3d polygonal objects : cow and pig

Roughly speaking, we obtain the expected L? superconvergence in all cases. However, the convergence curves are
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Figure 23: Convergence curves and parameter é;— for the polygonal objects network sequences

Table 4: Approximate orders of convergence for 3d polygonal objects

fish  buoy  cow pig
NEM 2.046 1.748 2.529 2.405
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Figure 24: Quality parameters 67 and 6.4 for the polygonal objects network sequences

much less regular than in all our previous experiments, which is the clear sign that our very basic network genera-
tion procedure has generated quite irregular network sequences. Nevertheless, the network element method remains
convergent, thus assessing once again its robustness to network shapes. Those experiments also emphasize the need
for a more advanced network generator for complex 3d objects. However, as our very naive generator already gave
acceptable results, there is hope that network generators competitive with meshing algorithms could be developed.
Along with a competitive geometry computation algorithm, elaborating such a network generator is in our opinion the
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key to make the network element method more than a mathematical curiosity.

3.4. Enhancing geometry generation performance

Although our main intention is to describe the network element method, let us now make some comments on the
performance of geometry generation procedures in general. Solving the quadratic minimization problem (34)-(35)
is a quite involved and computational time consuming process, that in general one will want to avoid. Alternative
approaches exist in the literature, probably one of the most efficient in our context being the one presented in [20].
Reformulated with our notations, the idea is to prescribe the cell measures mg through some analytic formulaes,
satisfying (3) and (6) with in general no geometric error £q. Then, the cost function is reduced to

d
T©6) = Y 748)
i=1

)
Alli
8 J
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Each of the j(é) involving only the i-th component of each element of the network geometry, we have in fact d
independent minimization problems. Moreover, as they are quadratic minimization problems with linear equality
constraints, solving them finally amounts to solve d independent linear systems, corresponding to the system of
Karush-Kuhn-Tucker first order optimality conditions (4)-(5)-(7) and (36)-(37)-(38)-(39) of the system corresponding
to each direction i. As static condensation can once again be applied, the d resulting linear systems are of size
card(Fiy). This does improve computational efficiency, however one has to quite arbitrarily choose the cell measures
mg. Numerical experiments reveal that the overall precision of the method is indeed impacted if one resorts to this
simplified version of the geometry generation procedure, as we will briefly illustrate now. To this end, let us now
consider the following choices for the cell measures

Sd
myg = 2d(pk+r1()

with g = 27x. We normalize them afterwards such that their sum is equal to |Q|. Let us consider again the case
Sinusoidal2D on the mesh based networks 2dDualDelaunay and 2dKershawBox, generated from the mesh vertices.
We display the results on figures 25 and 26 as well as the approximate convergence rates in table 5. The results for
the quadratic generation procedure are labeled NEM-quad, while the case where we prescribe the cell measures and
only solve d independent linear problems is labeled NEM-lin (using 6} =1).

Table 5: Approximate orders of convergence for different geometry generation procedures

2dDualDelaunay  2dKershawBox
NEM-quad 2.077 2.137
NEM-lin 2.333 0.630

Immediately, we see that on the 2dDualDelaunay sequence, the results are of similar quality, and the convergence
rate is roughly speaking preserved, although the convergence curve is less regular for NEM-lin. The situation is
very different for the sequence 2dKershaw, for which the approximation error is much worse with NEM-lin, and
the convergence rate fails to even reach 1. This can be explained by looking the quality parameters : if both 64
and 6r, which we do not reproduce here, remain of similar quality for both approaches, this is not the case for 4.
Indeed, it explodes when 4 goes to O for the 2dKershaw sequence, and is most certainly the reason why we fail to
reach convergence on this mesh-based sequence. Reproducing the same experiment on all our test cases, roughly
speaking we obtain results similar to 2dDualDelaunay for all other mesh based networks, i.e. we maintain second
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Figure 25: Convergence curves and parameter 64 for different geometry generation procedures
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Figure 26: Convergence curves and parameter 64 for different geometry generation procedures

order convergence with the fast geometry generation procedure. However we have problems in maintaining second
order convergence for our generic networks, with 64 diverging again. The impact on the approximation error is
nevertheless less severe than for the case of the 2dKershaw sequence , an order between 1 and 2 being obtained.

Some numerical exploration reveals that with the fast linear geometry generation procedure, both the choice of cost
function and of the cell measures mg have a huge impact on the quality parameter 64. It is thus obvious that our
simple choice is far from being optimal, and that it might be feasible to always obtain second order accuracy even on
the problematic 2dKershaw sequence with the fast geometry generation procedure inspired by [20]. We have at this
point no clear explanation to the fact that the quadratic optimization procedure is so efficient to control 64 on all our
test cases. Understanding this is probably the key to derive a good cost function and a good guess for cell measures
for the fast linear version. Our main objective here being to assess the potential efficiency of the network element
method, we have chosen to use the quadratic minimization procedure in an attempt to obtain the best possible results
for a given network configuration. Of course, as our geometry has less elements compared to the equivalent notion
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of [19, 20], while having to cope with the same consistency and conservation properties, it is not surprising that its
practical computation is more difficult.

4. Conclusion and perspectives

On the simplest possible model problem, we presented the principles of a network element method, a variational
method on discretization networks. Based on the VEM/mimetic technologies, it reproduces their key ideas replacing
the mesh by a discretization network and an associated network geometry. Numerical results in dimension 2 and 3
illustrate the good behavior and robustness of the method. The natural extension to heterogeneous and anisotropic
diffusion tensors and reaction coefficients will be the subject of a future paper. The method seems fairly general and
on going work concerns its extension to more complex classical problems, such as linear elasticity, Stokes flow or
Maxwell’s equations. An important issue that has not been considered here is also the subject of active research: the
development of an automated and efficient network generation algorithm, both in dimension 2 and 3. Indeed, as the
error estimates and numerical experiments reveal, the properties of the point cloud and the connectivity underlying
the network strongly influences solution quality. This is not surprising as it is simply the equivalent of mesh quality
in the context of discretization networks. Thus if the method is to be more than a mathematical curiosity, along with
an efficient geometry computation algorithm it is essential to find a competitive network generation algorithm which
could control the quality parameters of the resulting network, in particular in the long term prospect of performing
adaptive refinement.
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