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THE NONLOCAL-INTERACTION EQUATION NEAR ATTRACTING MANIFOLDS

FRANCESCO S. PATACCHINI AND DEJAN SLEPCEV

ABSTRACT. We study the approximation of the nonlocal-interaction equation restricted to a compact
manifold M embedded in R?, and more generally compact sets with positive reach (i.e. prox-regular sets).
We show that the equation on M can be approximated by the classical nonlocal-interaction equation on
R? by adding an external potential which strongly attracts to M. The proof relies on the Sandier—Serfaty
approach [2324] to the I"-convergence of gradient flows. As a by-product, we recover well-posedness for the
nonlocal-interaction equation on M, which was shown [10]]. We also provide an another approximation to
the interaction equation on M, based on iterating approximately solving an interaction equation on R and
projecting to M. We show convergence of this scheme, together with an estimate on the rate of convergence.
Finally, we conduct numerical experiments, for both the attractive-potential-based and the projection-based
approaches, that highlight the effects of the geometry on the dynamics.

1 Introduction

We consider a continuum first-order model for the nonlocal-interaction of agents constrained to move
within a compact manifold M embedded in Euclidean space RY. While the locations of the agents are
restricted to M the interaction forces act in the ambient space.

Although for simplicity we shall often call M a manifold, our setup actually allows for arbitrary sets
with positive reach which include manifolds with boundaries and with outside corners. When M has full
dimension, what we are studying is in fact an aggregation model with no-flux boundary conditions. The
interaction is modeled via a smooth pairwise potential which can feature distinct regimes of repulsion and
attraction, depending on the Euclidean distance that separates any pair of agents. The setting in which
we consider our solutions and equations is that of gradient flows (curves of maximal slope) in the spaces
of probability measures endowed with Wasserstein metric. We base our work on the theory developed
in [4,123]24].

Let us describe further our problem and motivate it by reviewing recent relevant works. We then present
our notation, assumptions and main results.

1.1 Description of the problem and motivation
The nonlocal-interaction equation on a compact manifold M embedded in R? that we study is given by

Op + div(pu) = 0,

M w= Pr(=VW % p),

on M,
where W : R — R is an interaction potential and P, is the generalization of the projection on the
tangent space of M, defined precisely in (7). Here, the unknown p € P(M) is a Borel probability
measure supported on M. When M is d-dimensional, this problem is the interaction equation on M with
no-flux boundary conditions.

Note that the gradient and convolution operators are Euclidean, i.e., with respect to the ambient space
R<, and not intrinsic to M. In particular, the convolution in (TJ) is given by

) W p(x) = / W(z —y)dp(y) forallz € M.
M
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This is an important point to bear in mind as it means that (I)) is a mixed formulation, where any two
point masses on M “see” each other and interact according to the Euclidean distance while their motion
is restricted to the manifold (via the projection operator). This mixed formulation (T)) has already been
studied in [[10,25]. In [25] the authors observe that, when M is d-dimensional and has C? boundary, this
formulation is the gradient flow of the interaction energy

E(p) = { 3 S S W@ = y)dp(y) dp(x)  if p € P(M),
> otherwise,

3

on the space P(M) endowed with Wasserstein metric. In particular the steepest descent vector, denoted
here —grad F/(p) at a given configuration p € P(M), satisfies

4 —grad E(p) = Pm(—=VW % p).

We remark that adding a mobility matrix A in (IJ), which models the space heterogeneity, can be done
without difficulty, changing @) into —grad E(p) = Pym(—AVW x p); see [25]. In [25], the tangent
vectors of the gradient flow formulation for the energy E are vectors in R? equipped with the associated
Riemannian inner product. Note that, in a similar fashion, although without restriction to a subset, a
Fokker—Planck equation in R? with the mobility being the inverse of the metric tensor of a Riemannian
manifold was studied in [19].

In [10]] the authors extend the study of the well-posedness of this formulation to more general subsets
of R%. One main difficulty with this extension is to use an appropriate notion of projection of vector fields
on M. When M is a smooth d-dimensional manifold as in [25], the projection of a vector v € R at a
point z € M is the identity when z € int(M) or x € OM and v points into M, i.e., v belongs to the
inward sector T M of T, M at z, and is the projection of v to T,0M C Ti* M when z € OM and v
does not point into M. Note that when = € int(M) we actually have T\" M = T, M and Ti" M is thus a
linear vector space; in general, for any = € M, we have T\" M C T, M. If we want to consider domains
that are either lower-dimensional or present boundaries with corners, the set of tangent vectors ~pointing
into M” (the inward sector) used to define the projection on a smooth manifold needs to be updated. To
this end, the authors in [10] extend the theory to prox-regular, or positive-reach, subsets of R? for which
inward tangent vectors are elements of Clarke tangent cones; see definitions in Section[I.2] Prox-regular
sets extend significantly the variety of domains that can be studied; indeed, these include sets with outside
corners and cusps in their boundaries. They can also be of dimension strictly less than d. A prox-regular
set is a set with a tubular neighborhood whose every point has a unique closest point on the boundary of
the set, i.e., a unique projection on the boundary. The radius of the largest such tubular neighborhood is
called the reach of the set. Prox-regular sets are therefore also referred to as sets with positive reach. Note
that convex sets are sets of infinite reach. Since we shall often refer to the reach of M in the following,
we prefer here to use the terminology “’positive-reach” over “prox-regular”.

1.1.1 Dynamics on M as a limit of dynamics on R? with confining potential. One goal of our paper,
which we achieve in Section 2] is to show that solutions to the problem in (I]) on the set of positive reach
M can be approximated by solutions to the following problem on all of R%:

{ Bp + div(pu) = 0,

Lo 12 on R?,
u=—-VWxp—_Vdy,,

)
as the parameter € goes to 0, where d o4 is the distance to the set M. The term %d%w plays here the role
of a confinement potential, making it expensive for the particles to lie at distances greater than /= away
from M.

A similar problem has been analyzed in [2]], where the authors consider local diffusion and a confinement

potential in addition to the nonlocal-interaction potential, and thus study a nonlinear, nonlocal Fokker—
Planck equation on M with no-flux boundary conditions. Although their interaction potentials are allowed
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to be less regular than ours, the sets they consider have to be d-dimensional and connected, which is not
our case. In this context, the authors show that the weak formulation for the Fokker—Planck equation
on M can be approximated by the weak formulation on R? obtained by continuously extending the
confinement potential from M to all of R¢ in such a way that the potential blows up outside of a tubular
neighborhood of M as this neighborhood shrinks to OM. Furthermore, their diffusion term needs to be
nonzero since their convergence analysis is based on L? estimates, which differs from our gradient flow
approach allowing us to consider nonlocal interaction on its own. Indeed, by regarding our solutions as
curves of maximal slope for the respective energies (3) and

B =5 [ [ W= dpw) o) + - [ dale)dpto) torall pe PR,

we are able to use the Sandier—Serfaty result [23}[24]] for the I'-convergence of gradient flows to show the
convergence of our approximating model () to the model on M given in (T).

1.1.2 Dynamics on M as a limit of an iterative propagattion—projection scheme. An alternative
approach to considering (3) in order to approximate solutions to (I)) is using the flow map of the solution
to the classical interaction equation on R ie.,

Oy + div(pu) =0
{ g (pu) =0, " pd

6
© u=—-VW xpu,

We recall that this flow map is defined as the map ®: [0, 00) x R? — R? such that, for all 29 € R?, we

have
L®u(w0) = u(Py(0), ),
Do (xo) = o.

Then, the solution p to (6) is given by

u(t) = (®g)4p® forallt >0,

that is, the solution y is the pushforward of the initial condition p® € P(R?) through the flow map ®;
see [4]]. (Note that here, because of the nonlocality of the interaction velocity field, the flow map may
depend on the solution itself so that the previous equation may in fact be an implicit formulation of the
solution; we refer the reader to [Sl[7]] for the existence and uniqueness of explicit pushforward solutions to
the interaction equation on R%.)

We define the approximation scheme by: for n > 0 and small enough time step 7 > 0

vy =’

Vo1 = () ((B7)327)
where 11, is the projection to M. The prox-regularity of M and choosing 7 small enough ensures that
the projection is unique. By interpolating we build a curve of probability measures supported on M which
we show converges to a solution to (I)) as the size of the time step size vanishes. Our second goal in this
paper is to show such convergence, which we do in Section [3]

Let us also remark that there is an interesting problem related to (1) where one studies the fully intrinsic
version, where agents on M interact according to the intrinsic metric of M rather than the ambient
Euclidean space and therefore “’see” each other along the manifold. In [13H15], the well-posedness theory
and long-time behavior (giving rise to asymptotic consensus), as well as numerical experiments, for the
fully intrinsic model on the hemisphere, the hyperboloid and the special orthogonal group are carried out.
There, the authors consider the case where the gradient and convolution operators are all defined with
respect to the manifold M; in particular, (2)) is replaced by

W g p(x) = /M W(dg(x,y))dp(y) forallz € M,
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where d, is the intrinsic, or geodesic, metric on M. There, the obstacles are the lack of convexity of dé on
subsets of M that are not geodesically convex and the difficulty to compare vectors in different tangent
spaces in order to prove Lipschitz continuity of the velocity field for the resolution of the characteristic
equations solved by flow maps. We also refer the reader to [1}|17,|18]] and the references therein for
second-order swarming models on the sphere and the hyperboloid.

1.2 Notation and assumptions

The functional context in which we study solutions to (I)) and (3)) is that of probability measures. We
denote by P(RY) the set of Borel probability measures on R? and P2 (R?) the subset of P(R?) of measures
with finite second moment. We endow Pg(]Rd) with the (quadratic) Wasserstein distance denoted by da:
for all pg, p1 € P2(R%) we define

d2(po, p1) = _inf \// |z —y|? dn(z,y),
w€Il(po,p1) Rd xRd

where I1(pg, p1) is the set of transport plans from pg to p;. That is, II(pg, p1) is the set of Borel probability
measures on R? x R? with first marginal py and second marginal p .
Let M C R? satisfy the following assumption:

Assumption 1.1. M is a compact subset of R® with positive reach, denoted 1.

For instance, M can be a manifold with C? boundary; it can also be a lower-dimensional object, such as
a circle in R? or even a manifold with outside corners as a rectangular sheet in R3. We write P (M) the
subset of P(R?) of measures supported in M; since M is compact we actually have P(M) C Po(R?).

For all z € M, the projection operator Py4(x), used in (T]), maps the vectors in R? to “tangent” vectors
to M. For v € R% it is defined by

(7 Pu(z)(v) ={w e TPM | v —w|= inf |v—ul},
ueTP M

where T2 M is the Clarke tangent cone of M at x, whose definition is
TPM = {v € R | YV (tn)n = 07, YM D (2n) — =,
IR 5 (Un)n = v, st.VEk, xp + tpog € /\/l}
So Ppy(x) is the projection on the Clarke tangent cone at z. Because this tangent cone is always a closed
and convex subset of RY, the projection in (7)) is always a singleton, so that Py (z): R? — T;" M. Using
this projection in (I}, we ensure that particles moving according to (I) do not leave M. We notice, as

expected, that when M is a C'* manifold without boundary the Clarke tangent cone coincides with the
classical linear tangent space, in which case the above projection can be rewritten as

v ifveT,M,
I, m(v)  otherwise,

Ppm(x)(v) = {

where Iz, v : R — T, M is the projection on T, M, since in this case 7> M = T, M.

For any given functional F': P(R%) — (—o0, oc] we write dom(F) its domain, i.e., dom(F) = {u €
PRY) | F(n) < oo}, and we say that F is proper if dom(F) # (. We define the interaction energy
E: Py(RY) — (—00,00] for all p € Po(R?) by

E(p) = { %fM W s p(x) dp(z) if p € P(M),

o0 otherwise,

®)

where W : R? — R is an interaction kernel verifying the assumption below:
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Assumption 1.2. W is of class C? is symmetric, semiconvex, bounded from below, and has at-most-
quadratic growth at infinity.

Because IV is continuous and M is compact, the domain of F satisfies dom(E) = P(M). We also
define, for all € > 0, the e-interaction energy E.: Pa(RY) — (—o0, 00| by

1
) E.(p) = B /Rd W s p(x) dp(z) + i/Rd d3(z)dp(z) forall p € Pa(RY),

where d(z) denotes the distance of any point 2 € RY to M. As already mentioned above, the &-
dependent part of this energy plays the role of a confinement potential. Because WW has at-most-quadratic
growth at infinity and [p, d3,(z) dp(z) < oo for all p € P(R?), we have dom(E.) = P»(R?). Note
that the condition on the at-most-quadratic growth at infinity on W is not restrictive our case, since our
interest lies in what happens within the compact set M or within bounded regions containing M.

We study (1)) and its approximation (9) as the gradient flows for the respective energies (8) and (9). We
refer the reader to [4] for an extensive theory of gradient flows, and only introduce the definitions we
shall need here in order to prove our main results. We write AC?([0, 00); P2(R?)) the set of 2-absolutely
continuous curves from [0, 00) to Po(R?), that is, we write p € AC?([0, 00); Po(RY)) if there exists a
function m € L?(0, c0) such that

t
da(p(s), p(t)) < / m(r)dr forall0 < s < t.

Given F': Py(RY) — (—o0,00] proper, a function g: Pa(R?) — [0,00] is said to be a strong upper
gradient for F if for every p € AC?([0, 00); P2(RY)) the map g o p is Borel measurable and

[E(p(t)) = F(p(s))] < / g(p(M)|e|(r)dr forall0 < s <t,

where |p/| is the metric derivative of p, that is,

W@ﬂ%wMﬁHW

forallt > 0,

and a curve p € AC?([0, 00); P2(R%)) is a curve of maximal slope for I with respect to its strong upper
gradient g if and only if ¢ — F(p;) is nonincreasing and

1

fwm»—F@@»+2/(mmnﬁ+mwﬂ%df<ofmmmSSSt

Also, the local slope of F' is defined as
(F'(p) = F(p)+

lim sup for all p € dom(F),
0F)(p) =< u—p da(p, 1)
00 otherwise,

where the subscript + denotes the positive part. It can be checked that strong upper gradients for the
interaction energies F and E., for any ¢ > 0, are given by their respective local slopes |0E| and
|OE¢|, which are also semiconvex and narrowly lower semicontinuous thanks to our assumptions on
the interaction kernel WW; see [4]. Recall that the narrow topology on P(R?) is given by the following
definition: we say that a sequence (p"),, C P(R?) converges narrowly to some p € P(RY) if

9 flx)dp"(x) — /Rd f(z)dp(z) asn — oo forall f: R? — R continuous and bounded.

Following the Sandier—Serfaty theory, we consider gradient flows as curves of maximal slopes with respect
to local slopes. Accordingly, we have the following definition:
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Definition 1.3 (gradient flow). We say that a curve in AC%([0,00); P2(R%)) is a gradient flow for
E (respectively, E.) if it is a curve of maximal slope with respect to |OE| (respectively, |0E.|). For
convenience, we shall sometimes refer to gradient flows for E. as e-gradient flows.

1.3 Main results

The first main result establishes that the gradient flow of E., i.e., (3), converges as ¢ — 0 to the gradient
flow of E, i.e., (I).

Theorem 1.4 (c-gradient flow scheme). ConsiderM satisfying Assumption and a potential W
satisfying Assumption Let p° € P(M). Fore > 0, let p. € AC?([0,00); P2(R?)) be an e-gradient
flow such that p-(0) = pQ for some p? € Po(RY). Assume that da(p?, p°) — 0 and limsup E.(p?) <
E(p°) as € — 0. Then there exists p € AC?(]0,00); Po(R?)) such that p(0) = p°, p(t) € P(M) and
da(pe(t), p(t)) = 0ase — 0 forallt > 0, and such that p is a gradient flow for E.

Theorem [1.4] contains a compactness part, in which we prove that any e-gradient flow has a limit,
and a convergence part, where we prove that this limit is indeed a gradient flow for E. We prove the
convergence part of the main result using the Sandier—Serfaty approach, which we recall in Theorem [2.4]
We note that while each of the energies F. is semiconvex, the semiconvexity diverges to —oo as € — 0,
so the convergence does not follow directly from stability of gradient flows. On the other hand, e-gradient
flows exist thanks to the semiconvexity and quadratic growth at infinity of the interaction potential W
(cf. [12] Corollary 3.2] for instance). Hence the above theorem ensures the existence of gradient flows
for the energy in F given in (3). This fact was already proved in [[10] via a more classical tool, namely
differential inclusion theory. For completeness here, we recall a stability result from [[10]] in Proposition
[2.9] which proves uniqueness.

The second question we answer is whether one can use the full-space equation (6) to approximate the
projected version (I)). We show this is indeed the case:
Theorem 1.5 (projected gradient flow scheme). ConsiderM satisfying Assumption[I.1|and a potential
W satisfying Assumption Let p° € P(M). Forallt > 0, let &;: R* — R be the flow map
associated to the R? nonlocal-interaction equation (@) and let p € AC?([0, 00), P(M)) be the gradient
flow for E, i.e. the solution of (1)), with initial condition p(0) = p. Define, for any positive integer n and
time step T > 0 small enough,

)4 () 427),

—
N SN
+

=l
=

where r < npyq and Iy : M, — M is the projection on the set M from the r-neighborhood M, :=
{z € R? | dp(z) < 1} of M. Define the interpolation

{ v7(0) =,
v (t) = () 4 ((Prenr)v)) forallt € (nr,(n+ 1)7].

Then, for all t > 0 we have da(V7 (t), p(t)) = 0as T — 0.

The proof of Theorem [I.5]is based on an estimate of the rate of convergence of the approximating
sequence (") to the solution p to (), which turns out to be linear in the time step size 7. Furthermore,
what is meant by any time step size “small enough” will be made clear in the proof.

In the following, we present the proofs of Theorems [I.4]and [I.3]in Sections [2and 3] respectively, and
our numerical experiments in Section 4| Our code is fully accessible on our GitHub repository [21]].
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2 c-gradient flow scheme (proof of Theorem l

2.1 I'-convergence
Before giving the core of the proof of Theorem [1.4] we show the I'-convergence of the c-energy E.
towards E as € — 0. This result is used throughout the paper.

Lemma 2.1. The sequence (E.): I'-converges to E with respect to the narrow topology as ¢ — 0.
Proof. We first show the liminf inequality and then the limsup inequality.

Step 1: liminf inequality. Let p € Py(R%) and (p.)- be a sequence in P2(R?) such that p. — p
narrowly as € — 0. We want to show

liminf E.(p:) = E(p).

e—0

Suppose first that supp(p) C M. We have E.(p.) = 3 [ga W * p=(2) dp<(x), by the continuity and
boundedness from below of W and the Portmanteau theorem (cf. [6, Theorem 2.1]),

lim inf W % pe(x) dpe(z / W« p(x) dp(z / W« p(x) dp(z).
e—0 Rd

Hence,

e—0

liminf E.(p:) > ;/MW*p(x) dp(x) = E(p).

Suppose now that supp(p) ¢ M. We have E.(p:) > 1 [pa dp(z)? dpe(z) because W > 0. Also, by
continuity and boundedness from below of di,l, we have, by the Portmanteau theorem,

lim inf /Rd dag(z)? dpe(z) > / da(z)? dp(z) > 0,

e—0 Rd
which yields 2 [L, daq(2)? dps(z) — oo as e — 0, and so
lim E.(p:) = 00 = E(p).
e—0

Step 2: limsup inequality. Let p € PQ(Rd). We want to show that there exists (p¢ )., a sequence in
Po(R?), such that p. — p narrowly as ¢ — 0 and
limsup E.(p:) < E(p).
e—0
Choose the constant sequence (p:). given by p. = p for all £ > 0. Suppose first that supp(p) C M.
Then g dpq(2)? dpe(z) = 0 for all e > 0. Therefore E.(p.) = E(p) which trivially implies the limsup
inequality. Suppose now that supp(p) ¢ M. As for the liminf inequality we conclude that

gl_I}(I)Es(p‘e) =00 = E(p). O

As an interesting corollary of the I'-convergence we have the following.

Lemma 2.2. For all ¢ > 0 there exists a minimizer p} of E.. Moreover, p: converges in Wasserstein
metric, along a subsequence, to some p* € P(M), which is a minimizer of E.

Proof. Let us first prove the existence of p? for all ¢ > 0. Let ¢ > 0 and let (p?),, C P2(R?) be a
minimizing sequence for E.. Because E. < F is proper, we then know there exists A. > 0, independent
of n, such that E.(p?) < A for all n € N large enough. Choose any such n. Note that by the definition
of dag we have dpq(z) + Lag = ||, so that dpg(2)? > |]? — 2L uq|z| for all z € RY, where L 4 is the
diameter of M. Therefore, by the nonnegativity of W and Jensen’s inequality,

1
A€>Eg<ps>>( RO \:c|dps<x>)
g R4 R4



8 FRANCESCO S. PATACCHINI AND DEJAN SLEPCEV

This shows that the second moment of p! is uniformly bounded in n. By Prokhorov’s theorem we deduce
the existence of p} € P (R9) such that, up to a subsequence, p2 — pZ narrowly as n — oco. By narrow
lower semicontinuity of E. (since W and d are continuous and bounded from below; see again the
Portmanteau theorem) we therefore get that p is a minimizer of E,.

Let us now prove the existence of p* so that pi — p* narrowly as ¢ — 0. Pick u € P(M). By the
I'-convergence of (E.). and the minimality of (p?). we know there exists (yc). C P2(R?) such that
e — pnarrowly as € — 0 and

limsup E.(p}) < limsup E.(ue) < E(p) < o0.
e—0 e—0
Therefore, there exists Ay > 0, independent of &, such that E.(p}) < Ap for all € > 0 small enough.
Choose any such . By a similar argument as above, assuming without loss of generality that e < 1, we
have

2
o> Bupl) > ( [ Jal2dneta) - 2LM) — 413,
R
from which we get the existence of My > 0 such that
(10) / z|® dp.(t,z) < My forallt > 0.
R4

This shows that the second moment of p} is bounded from above uniformly in €. By Prokhorov’s theorem
we deduce the existence of p* € Py(R?) such that p¥ — p* as ¢ — 0 along a subsequence. By narrow
I"-convergence, we obtain
E(p*) < liminf E.(pf) < limsup E.(pl) < limsup E- (1) < E(p) < o0.
e—0 e—0 e—0
Hence p* € dom(E) = P(M) and p* is a minimizer of E. Finally, by (I0) and [4, Proposition 7.1.5],
we also conclude that da(pZ, p*) — 0. O

2.2 Compactness

We give here the proof of the compactness part of Theorem 1.4]

Lemma 2.3. Let (p.). and p° be as in Theorem Then there is p € AC?([0, 00); P2(R?)) such that
p(0) = p° p(t) € P(M) forall t > 0 and, along a subsequence,

da(pe(t), p(t)) =0 forallt >0 ase— 0.

We remark that once we show the remainder of Theorem [1.4|we will know that p is a solution to an
initial-value problem for (3)). Since then, by Proposition the solutions are unique, we will conclude
that in fact da(p-(t), p(t)) — 0 as € — 0 in Lemma 2.3] not just along a subsequence.

Proof of Lemma[2.3} Since limsup E.(p?) < E(p°) < oo as e — 0 there exists a constant Ay > 0,
independent of ¢ and ¢, such that E.(p?) < Ag for all € > 0 small enough. Choose any such ¢. By
decreasing monotonicity of the energy E. along p. (because p. is a curve of maximal slope for E. with
respect to the strong upper gradient |0 E:|), this implies

E.(pe(t)) < Ag forallt > 0.
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By a similar argument to that given in the proof of Lemma[2.2] letting again ¢ < 1, we have

2
Ao = Ec(pe(t) = <\//]Rd ‘x’2dps(t7$) - 2LM> —4L5 )

where we recall that L o4 is the diameter of M. This proves there exists My > 0, independent of € and ¢,
such that

(11) / |z|? dp(t,2) < My forallt > 0.
Rd

Now, by the evolution variational inequality [4, Theorem 5.3(iii)] thanks to the semiconvexity of W, we
have, for all 0 < 7 < ¢,
t

d3(p=(1). pe(7)) < 2/ (Ee(pe(7)) — Ec(p=(s))) ds

T

<2 / (Ee(p?) — Ec(pe(1))) ds

< 2B (pL)(t = ) < 240(t = 7),

where we used that E; > 0; by swapping ¢ and 7 when 0 < ¢ < 7, we get

d3(pe(t), p(T)) < 2A0ft — 7| forall t,7 > 0.
This, together with (TT)), Prokhorov’s theorem and the Arzela—Ascoli theorem as given in [4, Proposition
3.3.1], implies that there exists p € C([0, oc]; P2(R?)) such that, up to a subsequence, p.(t) — p(t) nar-
rowly ase — 0O forall ¢ > 0. By and [4} Proposition 7.1.5] it follows that, in fact, d2(p<(t), p(t)) — 0
as € — 0 for all ¢ > 0. To show that p(0) = p° we simply use the triangle inequality:

da(p(0), ) < da(p(0), p2) + da(p2, p°) = da(p(0), pe(0)) + d2(p2,p°) = 0 ase — 0.
By the narrow I'-convergence of (E:). we deduce that
oo > Ap > lim i(I)lf E.(p:(t)) = E(p(t)) forallt >0,
E—

which shows that p(t) € dom(E) = P(M) for all ¢t > 0.

We finally need to show that p is actually a curve in AC?(]0, 00); Po(R9)). This part is based
on [11, Theorem 5.6]; see also [[9, Lemma 4.3]. Fix any ¢ > 0. We have

/0 PL1(5)2 ds = Eo(p) — E(pe(t)) < Ao.

Then, up to a subsequence, lim._,o fot |p|(s)?ds = C for some t-independent C' > 0. Therefore
|p.| is bounded in L?([0,¢]) and so, up to a further subsequence, it is L?-weakly convergent to some
v € L2([0,t]). It is then also L!-weakly convergent to v, so that

t t
lim/ |p’€\(s)ds:/ v(s)ds forall0 <7 < t.
e—=0 J- r

We also know that, by definition of the metric derivative and p. being 2-absolutely continuous,

d(p=(7), pe(t)) < / 1p1(s) ds.

T

Then, by the narrow lower semicontinuity of da (see [3, Proposition 2.5]), sending € — 0 yields

12) o) p) < [ o(s)as,

which implies that p € AC?(]0, c0); P2(R?)). O
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2.3 Convergence

We now present the proof of the convergence part of Theorem[I.4] Let us recall the result by Sandier—
Serfaty on which we base our proof:

Theorem 2.4 (Sandier-Serfaty). For all ¢ > 0, let p. € AC?([0,00); Po(R%)) be an e-gradient flow
such that p:(0) = p? for some p? € Po(R?). Assume that da(p:(t), p(t)) — 0 ase — 0 forall t = 0 for
some p € AC?(]0,00); P2(R%)) such that p° := p(0) € P(M) and limsup E.(p?) < E(p°) ase — 0.
Furthermore, suppose that the following conditions hold for all t > 0:

t t
(1 timint [ 1ol ds > [ 1052 ds
E—r 0 0
(C2) liminf ¢ (pe(t)) > E(p(t)).
(€3) timinf [OE:|(p:(1)) > 10E|(p(1)).

Then p is a gradient flow for E starting from p°, and

pApm—p in I2(0. %)),
(13) Ee(pe(t)) Y Ec(p(t)) forallt =0,

0E:|(pe) —> 10E|(p)  in L2([0,00)).

In our case, Condition |(C1)|follows directly from the above argument. Indeed, writing p and v as in
the proof of Lemma[2.3] by and [4, Theorem 1.1.2] we have |p.|(s) < v(s) for almost every s > 0.
Then, by the weak lower semicontinuity of the L?-norm, we get

t t t
liminf/ pL|(5)? ds 2/ v(s)%ds 2/ 10|(s)% ds,
e—0 0 0 0

which is|(C1)l Condition|(C2)|is a direct consequence of the I'-convergence of (E.). to F given in Lemma
Thus, we are only left with proving Condition |(C3), which we do in the remainder of this section.

Proof of Condition Let (p: ) and p be as in Theorem For clarity in this proof we will often
omit time dependence so that, for example, we will write p. and p in place of p.(t) and p(t), respectively.
Let us introduce some notation we shall use throughout the proof. For any p € P(R%) and any Borel
set A C R we write 114 the restriction of i to A. We define, for all i € {1,2} and j, k € {1,2, 3}, the
projections
T (Rd)Q — Rd, (xl,mg) — Z;,

7~Tj: (Rd)g — Rd, (l’l,.f(}g,xg) — zj,
ﬁ—jk: (Rd)3 - (Rd)27 (1‘1,33‘2,%‘3) = (.Z'j,l‘k)-
We use the two identity maps id: R — RY, 2 ~ z, and idy: R? — (R9)2, z +— (z,2). We fix
r € (0,ma) and write M, the r-neighborhood of M, i.e.,
M, ={z e R | dp(x) < r}.
We write
Oa: My — M

the projection on M restricted to M., which is well-defined for r is smaller than the reach n of M.
Without losing generality we may suppose 7 is such that p. := p.(M,) > 0 for all € > 0; note that

pe — lase — 0.
For every € > 0 let us write p. € P2(R?) the projection of p. defined as

ﬁs = (HM)#U&
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where 0. € Pa(R?) stands for (pc| g, )/pe. We clearly have supp(p:) C M and so p. € dom(E). Then,
by definition, for all € > 0 we have

10E|(p.) = limsup (E(pe) — E(Ve))+‘

Ve—Pe d2(ﬁ57 Vz—:)
supp(ve )CM

Because |0FE| is da-lower semicontinuous [4, Corollary 2.4.10] and since da(pe, p) — 0 as e — 0, we get
lim inf he) > )
iminf [OF](pe) > [0F](p)
Therefore, Condition [(C3)|is a direct consequence of
14 liminf |OF, > liminf |OF|(p:).
(14) HEIL}(I)I |0E:|(p:) Hgl_)lgl |0E|(pe)
Proving (14) will therefore conclude the proof of Condition The proof of the following lemma

includes all the main ideas to achieve this; it shows (I4) in the simpler case where supp(p:) C M, for
all ¢ > 0, which we later relax.

Lemma 2.5. Let (p:): be as in Theorem and suppose moreover that supp(p:) C M, forall € > 0.
Then (14) holds.

Proof. Note that, given £ > 0, there exists a sequence (), such that v € P(M) forall n € N,
da(pe, V) — 0asn — oo and

PN (E(pe) — E(VY))

We want to construct (17),, C Po(R?) such that da(pe, u) — 0 as n — oo and
(Ee(pe) — Ee(pl)) + (BE(p:) — E(Vg))-g-

(16 liminf lim > liminf lim ~
) e—=0 n—oo da(pe, 1) e—=0 n—oo da(pe, v2)

Indeed, by the definition of |0E|(p), this directly implies the desired result (I4).
Note that, because supp(p:) C M, we have p. = 1, 0. = p. and p. = (ITpg) 4.

Step 1: constructing (”),. Fix € > 0 and n € N in this step. Let us write 7 € P(R? x R? x R?) a
plan with supp(6?) C M, x M x M such that

(17) (F12) 407 = (id, IIa)gpe  and  (Fo3) 407 = Wi,

where w!" is the optimal transport plan between p. and v”, where we recall v/ is defined in (13]). Here
the notation (id, ITr¢) stands for the map defined by (id, ITr)(z) = (x, () for all z € M,.. The
existence of the “compound” plan 6 is justified by [4, Lemma 5.3.2]. In particular, (712)x07 is the
optimal transport plan between p. and p.. For all Borel sets X, Y C R?, we then define 4 € P(R% x R9)
by

(7~T1,C)#92 ifX,Y C MT
0 otherwise,

(18) VX xY) = {

where ¢: R? x M x M — R%is given by ((z,p,q) = = + q — pforall (x,p,q) € R* x M x M. We
now choose

pZ = (m2) 4L
We have (71)47Y = pe, so that 7 is a transport plan between p. and p. Figure (1] illustrates this
construction.
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FIGURE 1. Construction of u7.

Step 2: checking da(pe, p) — 0 as n — oo. Lete > 0. For all n € N, because 7 is a transport plan
between p. and 7, and (I8) imply

Boem)< [ l-faren = [ ey 006
X rX T

=/ 171(2,p,q) — (2, p,q)|* 0% (2, p, q)

My X MxM

-/ o (@4 g p)P A% (x,p, q)

My X MxM

~ [ pedPapa = [ a0
My X MxM MM

- / p— a? dul(p, @) = B(pe, 7).

MxM

We therefore have, forall n € N,

(19) dy(pz, i) < do(pe, 7).
Since da(pe, V) — 0 as n — oo, we have that da(pe, p2) — 0 as well.
Step 3: getting (16). Let n € N. Note that, setting ¥ = M, x M x M and d = d 4,

/ (d(x)? — d()?) Ay (. y) = / (d()? — d(y)?) d(71,0) 46" (z,y)
RIxR4 My XM,

- /E (d(z)* = d(z +q — p)?) 02 (z,p,q)
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:/Z(d(z)Q\:c+quM(x+qp)|)d9 (z,p,q)

WV

(d(z)? — |z +q—p—q|*) d0(z,p,q)

(d(z)* — |z —p|?) dO”(z,p, q)

d(2)2 dp.(z) — /M o= pP AT os(ep)

T

e dpe(@) = [ o= Tu(@) P dpe(a)

T

I

@V dp.la) - [ dafdp.(a) =0,

T T

which leads to
Ee(pe) — Ee(p) 2
Using (I8) we get
E.(pe) — E // (x—u)—W(@x+qg—p—u—1t+s)) di2(u,s,t)do (z,p,q).

/ (W — u) — Wy — v)) dy(u, v) 2z, ).
My XM,

N

Because W is of class C?, the integrand above verifies

W —u)-WE+qg—p—u—t+s)>VW(—u)-(p—q—(s—1t) = A(p—q|* +1|s — t[),
where A > 0 is a constant depending on the gradient of W. We also have that

VW (@ —u)-(p—g—(s—1)) > VW (p—3)- (p—q— (s —1)) = Bllw — p| +lu—s|)(Ip— a| +|s —t]),
where B > 0 is a constant depending on the Hessian of W. Thus,

Eelpe) = Be(uc) > ;/Z/EVW(P—S)'(P—q—(S—t))deg(u,s,t) 46 (x, p, q)
‘Jj/z/z(\x—l’+IU—SI)(Ip—qI+|s—t|)d9g(u,s,t) 6™ (z, p, q)

A ~ n
- 7d%(p87 Ve )

Now, since both supp(j.) and supp () are contained in M,

B -E =5 [ —5) = Wlq — 1)) dul(5,1) Aol (7, )
MxM M><./\/l
= 2/ [ V=9~ Wia 1) 462 (u.5,0) 462 (2. p.0)
v Js
The integrand above satisfies
W(p—s)=W(g—t) SVW(p—s)-(p—s—(¢—1) +C(lp—a* + s — 1%,
where C' > 0 is a constant depending on the gradient of W. Thus,
A n ]' n n C ~ n
B(pe) = B2) < 5 [ [ VW= s)- (00 (s = 0) 0200 5.0) 002z 0) + (D).
Therefore,
E.(pe) — Ee(pl) = E(pe) — E(V]) — Dd%(ﬁa: V)
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B T n
=5 | [ o =l lu=shlp = al-+1s = t) 402 .5, 462,
where D = (A + C). Furthermore, by the Cauchy-Schwarz inequality and (7)),
//<|x—p|+|u—sr>-<\p—q\+rs—t>d02<u,s,t>d92<x,p,q>
X JX
=/Z\:c—p|p—q|de?<as,p,q>+/E|u—sr|s—t|d02<u,s,t>
+//\x—pHs—t|d0g(u,s,t)d9?(x,p,q)
»JX
+ / / lu — sllp — q| 62 (u, 5, 1) A6 (, p, )
»JX
=2/ & — pllp — | d67 (2, p, q)
>

+2//|:cp||st|d¢9?(u,s,t)d9?(m,p,q)
s Jx
<2\//E !96—MQd@?(:fc,p,q)\//Z lp — q|*d02(x,p, q)
—I—Z\// |a:—p|2d0gl(:v,p,q)\// |s — t|2dO™(u, s,t)
N by

= 4\// |z — p|?d(id, HM)#ps(w,p)\// lp — q|? dw?(p, q)
r XM MxM

- 4d2(ﬁ8)p8)d2(ﬁ87 Vg)

Hence
Q0)  Eu(pe) = Ee(u?) > E(pe) — E(WE) — 2Bds(pe, pe)da(pe, v2) — Dped3(pes 7).
Finally, using and we yield

o (Bepe) = Ee(u)+ (E(ps) — E(VY) — 2Bda(pe, pe)da(pe, V') — Dd3(p=, V1)) .

- > lim -
noeo dy(pe, pu7) n=00 da(pe; v2)
(E(ps) — E(v))
5 T - oy R
> lim ( (o) Dds(pe,vl') | — 2Bda(pe, pe)
- (E(pe) — E()) A
= ) 2B pe).
Thus, since da(pe, p) — 0 as € — 0, we obtain (L6). O

We now relax the support assumption of Lemma[2.3]
Lemma 2.6. Let (p:): be as in Theorem|1.4} Then (14) holds.

Proof. We follow the same strategy as in the proof of Lemma[2.3] the only difference being that we have
to account for the “extra” mass p.(R?\ M,.). It is still enough to prove (T6)), although now p. € (0, 1]
and p. = (ITpq)x0., where we recall that 0. = (pe|rg,.)/Pe-
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Step 1: constructing (u),,. Fix ¢ > 0 and n € N in this step. Let us write 7 € P(R? x R? x R?) a
plan with supp(6?) C M, x M x M such that

n

(’77(’12)#9? = (id, HM)#O}; and (77’23)#0? = Wg,
where w!' is the optimal transport plan between p. and v'. The existence of the “compound” plan 07" is
justified by [4, Lemma 5.3.2]. In particular, (712) 40 is the optimal transport plan between o, and p..
For all Borel sets X, Y C R?, we then define 37 € P(R? x R?) by
(71,007 XY C M,

0 otherwise,

2D PE(X XY) = {

where ¢: R? x M x M — R%is given by ((z, p,q) = = + q — pforall (x,p,q) € R? x M x M. We
now define 7 € P(R? x R?) by
22) Ve =B+ (id2) 4 (Pelpay uq,)s
and choose
pg = (m2) 47l
We have (1) 47 = PeOe + pelpa \ M, = Pe> SO that 7" is a transport plan between p. and p.

Note that the definition of 4 in is where the main difference with the proof of Lemma
lies. Indeed, to account for the mass outside of M, we have added the term (idz) (pe|ga\ a4, ), Which

describes the fact that we do not project, or even move, the mass in R? \ M,. since it is negligible as
e — 0.

Step 2: checking da(pe, ') — 0 as n — oo. Lete > 0. Very similarly as in Step 2 of the proof of
Lemma[2.5] we get

B (e, 1) < /

R x

lz — y2dyl(z,y)
]Rd
— 1, / & — PP dB(x ) + / & — 2 d(ida) (et pq,) (@2 9)
R4 xRd R4 x R4

=p- / Ip — q|* d(723) 402 (p, q) = pg/
MxM

Mx

Ny Ip — q* dw?(p, q) = p=d3(p=, V7).

We therefore have, for all n € N,
(23) d2(pe, p2) < /Ped2(pe, V7).

Since da(pe, V) — 0 as n — oo, we have that da(pe, u2) — 0 as well.

Step 3: getting (16). Let n € N. Again, setting ¥ = M, x M x M and d = d 4, and following the
proof of Lemma [2.5] yields

L (d(x)? — dw)?) Ay (a.y) = / (d()* — d(y)?) dB2(x.y)

Pe JRAxRA My XM,
— / d(x)* do. (x) - / 2 — pl2 d(id, TLut) o (2, )
M, My x M

:/ Td(x)Qdag(a:)—/Mr |z — ()| doe()
_ / Td(:c)Qdag(ac)— / Td(:c)2dag(x):O,
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which leads to

Bp) = B =5 [ W= )= Wiy = 0) a3 u,0) dy2 (o),
My XM

that is, by (22),
2
Bep) =BG 25 [ (W= )= Wiy = v) 482 (u,0) 482 ,1)
My XMy
Using 1) we get

n pg n n
Eg(pg)—Eg(/iE)}2LA(W(QZ—U)—W(l’+q—p—u—t+8)) dﬁg(u,s,t)dea(x,p,q)

Still following the proof of Lemma[2.5] we obtain
Ee(nf) = p2 (E(p:) — E(W!')) — Dp2ds(pe, )

Ec(pe) —
B 2
55/E/Z(\x—p\+!u—8|)(|p—q|+\8—t|)d0§(u,s,t)d0g(x’p7q)’

and
(24)  E.(p.) — E-(u2) = p? (E(pe) — E(V2)) — 2Bp2da(pe, pe)d2(pe, V') — DpZd3(pe, v2),

where the constants B and D are defined as in the proof of Lemma[2.5]
Finally, using (23) and (24) we yield

(Ee(pe) — Ee(pul))+

lim -
n—0o0 d2(p€aiu’g)
> T (92 (E(pe) — E(VI)) — 2BpZda(pe, pe)da(pe, v2') — Dp2ds(pe, V7)) .
" n—oo \/psdQ ([)67 V?)

. ((E(ps) — E(W)) . .
> pg/Q nhanolo ( dEZ (P V")E - Dy (pe, Ve ) ) — 2Bp§/2d2(p.27 pe)

ey Ve

_ (E(p:) — E(v7)) A

= pg/Q nll_{lgo daz(pA Vn)g + QBp§/2d2(pEa Pe)
eyVe

Thus, by p. — 1 and da(pe, p:) — 0 as € — 0, we obtain (16)), which ends the proof.

Remark 2.7. The convergence given in Theorem [I.4]and the second line in (T3) imply

1 1 1
— | Wxp(t,x)dp(t,z) + / dy(x)? dpe(t,2) — / W s p(t, z) dp(t, x).
2 R4 € Jrd e—=0 2 M

By continuity and boundedness from below of W, [pa W pe(t, ) dpe(t, 2) — [, W * p(t, ) dp(t, x)

as ¢ — 0, and thus
/ dam(z)? dpe(t,z) = o(e) ase — 0,
R4

which gives the “rate of attraction” to M as ¢ — 0.
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2.4 Stability

Theorem [1.4] shows, by approximation via the gradient flow for E., that the gradient flow for E has a
solution. It does not, however, prove uniqueness of such a solution. It turns out that a Wasserstein stability
estimate holds on M, as shown by Proposition [2.9|below. This ensures the uniqueness of the solution to
the gradient flow for F, and therefore yields the well-posedness of the Wasserstein gradient flow for E.

We omit the proof of the stability result as it follows the exact same steps as those found in the proof
of [10, Proposition 3.1 and Theorem 1.6] with the additional help of the lemma below whose proof can
be found in [22, Proposition 3.1]. Before stating the lemma and stability result, we recall the notion of
proximal normal cone of M at a point x € M: the proximal normal cone of M at x is the set N, M
given by

NoM={veR?| Ja e (0,00), dy(x + aw) = alv|},

that is, N, M is the set of vectors v € R? so that there exists o > 0 such that z is a closest point to = + av

on M.
Lemma 2.8. Let x,y € M. For every v € N, M there holds

ly — x|?|v]

<y - l’,U> <
2nm

)

where we recall nyq > 0 is the reach of M.

Proposition 2.9 (stability estimate). Denote by A\yy < 0 a semiconvexity constant of W. Let p1 and
p2 be two gradient flows for E (which we know exist by Theorem starting from p{ € P(M) and
05 € P(M), respectively. Then, for all t > 0,

VWl oo (A1)

da(p1(t), p2(t)) < e(_AW M ) da(p1, p5)-

3 Projected gradient flow scheme (proof of Theorem l

We consider i and p solutions to the classical full-space nonlocal-interaction equation and the gradient
flow for E, respectively, that is,

O + div(pw) = 0, and Op + div(pu) = 0,
v=—VW xpy, u= Ppm(=VW xp).

Note that for any = € M, the projections on T}, M and T* M satisfy Tz, pq(v) — pin pq(v) € NypM for
all v € R?, where we recall that N, M is the proximal normal cone of M at 2. To simplify the notation
in this section, we shall use P, for Ilpin o and P for Iz, pm

For all t > 0, let ®;: R — R? be the flow map associated to the classical full-space nonlocal-
interaction equation and let ¥;: M — M be that associated to the gradient flow for E. Then, the
solutions to (23) starting from some p" € P(M) are given by

u(t) = (o)’ and  p(t) = (Ve)gp".
Fixing r € (0,7,¢) we write M, the r-neighborhood of M, i.e., M, = {z € R? | dp(z) < 7}, so
that the projection IIr¢: M, — M on M is well-defined. Let us take a time step size 7 > 0 small
enough such that supp((®;)xv) C M, forall v € P(M) and ¢t € [0, 7]. Such a time step exists since
W € C%(R%) and M is compact; indeed, this ensures that their exists a constant C' > 0 such that for
all v € P(M) there holds [VW # v[| oo (pq,) < VW oo (aq,) < C. We can then define the sequence
(V] )n C P(M) as follows: for any integer n > 0,

(25)

g ="
Vi1 = (Iam) g ((Pr)gry)-
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We define the interpolation v : [0, 00) — P (M) by

VT(O) =p,
v (t) = (Ta) 4 ((Pp—nr)gry) forallt € (nr, (n+ 1)7].
In particular, we have

VT (t) = (M) (Do) p°) = (Mag)gpalt) forallt € [0, 7).
We now show that 7 is a good approximation of p, that is, d2 (v (t), p(t)) = 0as7 — 0 forall¢ > 0,
which indeed provides the proof of Theorem [I.5]
Let R > 0 be such that M, — M, :={x—y | z,y € M, } C Bg, where Bp, is the open ball centered
at 0 with radius R. Let My = [[VW{| o0 (p,)- In all of the arguments that follow we further restrict

such that
nm

T < :
8 M,

Writing h: [0,7] — R the function defined by h(t) = da(v7(t), p(t)) for all ¢ € [0, 7], we seek, for a

fixed ¢t € [0, 7], to estimate

W2 (t) = d3(v7(¢), p(t) = /Rd Tt (@) = We(2) [ dp° ().

Let us take the right-derivative of h2. For any z € R we write y = ®(z) and z = ¥;(x). Then,

+52
%dd? (t) = /Rd(HM(y) = 2) (Pri) (VW * u(y)) — Po(=VW x py(2))) dp’ ()

~X

< [ 00aa0) = 2) (Prosn (CFW 1) = Py <V 5 (0) d6°()

_l’_

[ @taatw) = 2) (P (=W o)~ PETW 5 i) ()

| [ aal0) = 2) (PE0W () = P (=9W s p(2)) a6"(0).

using Lemma [2.8]to estimate the first and third terms we continue the computation:

< g [ M) = 2B OVW 5 )+ [9W ¢ () 4

| [0 = 2) (P ) (W 2 ) = B (=9W 5 1(2)) 0°(2)

_l’_

[ 0aa) = 2) (B ) (CVW 5 i) = PT-IW 5 1(2) ()
using Proposition 6.2 in [20]] to estimate the third term we further have:

VWl s
< W Nr=(Br) / Tp(y) — 22 dp(x)
nm R4

+ [ IMaat) ~ 4

V2
+ IIVWHLoo(BR>/ M (y) — 2| ——dmTm(y), 2) dp° (),
R4 nm

using [16, Proposition 2] and [TIxr(y) — 2| < [TIpm(y) —yl + |y — 2| < 2My7 < %77/\4 we finally get:

(t)

I

dp’(x)

/Rd VW (®y(x) = @4(s)) = VIV (Pe(z) — We(s)) dp°(s)

’ VW[ oo (Bg) 2
nm
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HID*W o | [Maa(y) /R 1@(z) = W) |~ 1Pi(s) — ils) |46 (s) | ()

5
+ 2 YW s / T (y) — 212 dp°(z)
nm Rd

6V IV
< I Neet3) 24y 4 4 D2V | e [ 9 y BOOY

nm
Therefore,
dth 6|VWl L~
5 ) < U—M(R) h(t) + 4| D*W || oo ) VW || oo () T =2 ahi(t) + b,
and thus
d+
E(h(t)e_at) < bte™™ < bt.

Using that 2(0) = 0 we obtain that for all ¢ € [0, 7]

6l VW1l oo (aq)t

1
A7 (1), (1)) = h(t) < SH2e = 2D W | VW oyt

confirming that the local error of the proposed scheme is what one would expect for a first-order scheme.
Combining this local error estimate of the scheme with the stability estimates of Lemma 2.9 we obtain,
forall ¢t > 0,
SIVWIl oo AT

da(V7 (), p(t)) < Te M oy,

where

VWl 1,00
A g W (e 55) )

o —
H VI ”LOo M

4 Numerics

We present in this section some experiments illustrating the dynamics of particles following the e-gradient
flow and projected gradient flow schemes, whose convergence results have been given in Sections [2]and 3]
respectively. We consider here very simple interaction potentials and highlight how the geometry of the
domain can have decisive influence on the dynamics. For the code we used, we refer the reader to our
GitHub| repository [21]]. Before discussing the experiments, we present the numerical setting.

4.1 Numerical schemes

Our discretization is based on the fact that the gradient flow solutions of (I)) and (5)) for initial data which
are discrete measures become systems of ODEs. On the other hand, one can approximate in Wasserstein
(as well as co-Wasserstein) distance any desired initial measure by discrete measures. The stability
estimate of Proposition [2.9)ensures that the particle approximations to (I]) approximate well the solutions
over time.

We consider particle solutions with N particles, z;: [0,00) — RY, i € {1,..., N}. All particles have
same mass % The initial condition (zY,...,2%;) belongs to (R?)"N. We moreover write

| L
0 — §
IN =N E dy0 and pn (t) = N &~ Oai(0)

=1

for the empirical measures associated to the particles.
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4.1.1 e-gradient flow scheme. Recalling that the underlying energy FE is given in (9) and plugging the
empirical measures v into it, we yield the following discrete energy:

1 N N 1 N
EgyN(xl,...,fL‘N) = WZZW(.%l—.TJ)—FNerdM(xZV
i=1 j=1 =1

The gradient flow (3) reduces to the ODE system, forall i € {1,..., N},

{x;(t) = —NV,E: n(21(t),..., 2N (1)),

(26) 7;(0) = z0.

The fact that this ODE system converges to the gradient flow for £, as N — oo is well-known; see for
instance [[8, Theorem 3.1]. We finally discretize (26)) in time via a forward Euler scheme: take a time step
size 7 > 0 and for all n € Ny denote by z!" the approximation of z;(t) for all ¢ € (n7,(n + 1)7] and

apply
27 't =2 — TNV, E. n(2],...,2%).

As a stopping criterion for our simulations we either stop once a fixed final time is reached or stop as soon
as at time step n + 1 we find

(28) IVE: (27T 2t < tol,
for a tolerance tol > 0.

4.1.2 Projected gradient flow scheme. The classical interaction energy

B =3 [ [ W= d)do(w) forall p P(RY,

for p = pn has the form

N N
1
En(z1,...,28) = WZZW(% — ;).

i=1 j=1
The resulting discretization we choose is the following “splitting” scheme: for all i € {1,..., N},
yi(t) = =NV, En(z1(t),...,zN(1)),
(29) i(t) = m(yi(t)),
2i(0) = a7,

where we recall that IT is the projection on M from an r-neighborhood of M for some r < np¢. Again,
we discretize (29) in time via a forward Euler scheme as described above, which for all n € Ny yields

{y?+1 = y? - TNV%EN(Z'?’ -71:7]1\])7

30) n "
Ly = o (y; H)-

Because in this case there is no reason to think that the gradient of £y should achieve 0 asymptotically in
the dynamics given by (30), we use an alternative stopping criterion to that in (28). Instead, we stop our
simulation as soon as at time step n + 1 we find

|E57N(x’f+1, e ,x’;\,ﬂ) — B n(2h, . 2R)]
T

For both the e-gradient flow and projected gradient flow schemes, whenever we do not know an explicit

formula for the distance daq(x) of a point z € RY to M, we numerically approximate it by initially

sampling the boundary of the set M, linearly interpolating between these sampling points, and then

computing the distance from the point x and this linear interpolation of the boundary; from this we

(3D < tol.
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also deduce an approximation of the projection IIx¢(z). Also, again for both the e-gradient flow and
projected gradient flow schemes, for each simulation we choose our initial time step size via a backtracking
linesearch and then keep it constant through the rest of the simulation. Other approaches can of course be
easily tested, for example using an adaptive time step size.

4.2 Experiments

Here we report on several experiments we conducted in one and two dimensions. We generally observed
that the projected scheme (cf. Section[#.1.2]is more robust and converges faster than the e-scheme (cf.
Section[d.I.1)). For this reason we shall mostly focus on the former in the following simulations.

4.2.1 1D domain. We consider the gradient flow (5) approximated by (27), where the domain is the
union of an interval and a point: M = [—1, 1] U {1.5}. The initial data are N = 100 particles arranged
as a random sample of the interval [—1.75, 1.75]. The potential is the attractive potential W (x) = 2% and
the attraction parameter is ¢ = 0.1. Our tolerance for convergence is tol = 1079 (cf. (28))). The dynamics
shown on Figure [2[displays two time scales. On the time scale % = 10 the particles converge to within
roughly ¢ of the domain. After that, the dynamics first gathers the points in the interval [—1, 1] together
and then gets them as close to the mass near x = 1.5 as the domain penalty % allows.

15

FIGURE 2. Dynamics of (3] approximated by (27) with domain M = [—1,1] U {1.5}
for an attractive potential.

4.2.2 Disc in 2D. We now approximate the gradient flow (I)) using the discretization (30). The domain
is M = B(0, 1), whose boundary is represented in light gray in Figure [3, We consider two different
potentials: W (zx) = m and W(z) = ﬁ, the first decaying on a shorter length scale than the
second. In both cases we initialize the dynamics with N = 196 points placed on a random perturbation of
a uniform rectangular grid within the domain; see blue dots on Figure[3] The states after time ¢ = 200
are shown as red dots on Figure [3] Two time scales are again observed. Initially the majority of points
converges quickly to the boundary. On the slower time scale the points on the boundary migrate to assume
nearly uniform distribution. The slow time scale of the motion on the boundary currently prevents us from
saying if the final configuration on the right has a uniform distribution on the boundary.

4.2.3 Bean with repulsive potential. Here we consider the dynamics given by (30) on a bean-shaped
domain with smooth boundary depicted in light gray in Figure[d] The parametrization of the boundary is
in fact given by

p(z) = £0.4v/1 — 22(1.1 — cos(3z)) forall x € [—1,1].
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FIGURE 3. Dynamics of (T) approximated by (30) with domain M = B(0,1) for
repulsive potentials with varying length scales.

We consider the repulsive potential W (z) = ﬁ with distinct randomly perturbed uniform rectangular
grids of N = 196 points as initial distributions. If needed, these grids are projected to our manifold
to ensure that the initial data are within our domain. Our tolerance for convergence is taken to be
tol = 2- 10710 (cf. (3T))). While the geometries of the final states, shown as red dots on Figure are
not that dissimilar, the masses of the points are considerably different, resulting in significantly different
energies. We conclude that the configuration on the right is a local minimizer. We noticed that the
dynamics from varying initial states would often converge to different local minimizers. Let us clarify
that by local minimizers we mean that there are no lower energy states with respect to local perturbations
of points. Furthermore we believe that these are also co-Wasserstein local minimizers. In our view the
asymmetry of the domain has similar effect to introducing energy barriers and increases the complexity of
the energy landscape. It is an interesting theoretical question to understand and predict the features of the
energy landscape based on the geometry of the domain, which we shall leave to further investigation.
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FIGURE 4. Dynamics of (1) approximated by (30) with a bean-shaped domain for a
repulsive potential.
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4.2.4 Bean boundary with attractive potential. In our final example we consider the domain to be the
boundary of the bean-shaped domain from the previous example, on which the dynamics is again given by
(30). Here the initial particles are obtained by projecting a randomly perturbed uniform rectangular grid to
the boundary of the bean. We consider the attractive potential W (x) = —ﬁ and stop the simulation
at t = 28. While the global minimizer of this energy is achieved when all of the mass is concentrated at a
single point, we observe on Figure[5]that, due to the nonconvexity of the shape, the dynamics has local
minimizers. Such states have a very small basin of attraction, resulting in a metastable-like behavior of
the dynamics as illustrated on the right picture of Figure 5] Moreover, we observed that there is a likely
local minimizer with three masses (one being on the right-most point of the domain).

0.50 - o e
/ a
0.25 ‘cl A \
' ” .|
> 0.00 ° 1
} . H
-0.25 | ~ a °’
N, 4
N, P
—-0.50 |- St
-1.0 -0.5 0.‘0 0.5 1.0
X
(a) initial (blue dots) and final (red dots) (b) particle trajectories.
particle positions.
FIGURE 5. Dynamics of (I)) approximated by (30) with domain the boundary of a bean
shape for a repulsive potential.
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