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Positron Emission Particle Tracking (PEPT) enables novel insight into the mixing times of gas-liquid systems,
particularly at high gassing rates, as it can interrogate opaque systems. Mixing times were obtained via analysis
of Lagrangian statistics from PEPT, for single- and two-phase gas-liquid mixing experiments made ina T= 0.2 m
diameter stirred tank equipped with either a radial pumping impeller (Rushton turbine, D = T/3) or axial
pumping impeller (pitched blade turbine, D = 0.4T). Both Newtonian and non-Newtonian working fluids were
employed using aqueous solutions of glycerol and carboxymethylcellulose, respectively, over a range of Reynolds
numbers from 280 to 2300, in the high transitional to low turbulent flow regimes. These conditions were chosen
to replicate the industrial processing of viscous media such as filamentous fungi. The approach was validated
under single phase Newtonian conditions via benchmark acid-base decolourisation measurements and estab-
lished empirical correlations, showing excellent agreement within + 10%. Measurements made for gas-liquid
Newtonian systems showed good agreement with established correlations in the dispersed aeration regime with
both types of impellers. In non-Newtonian systems with gas void fractions of up to 9%, significant deviations in
the measured mixing times from established correlations were observed, with values being up to 3-4 times

greater in high viscosity, non-Newtonian media.

1. Introduction

Mixing in stirred tanks is ubiquitous for a wide range of industrial
sectors including bulk and fine chemicals, pharmaceuticals, home and
personal care, water and biochemicals. Control of mixing is necessary to
ensure that the degree of homogeneity of each component within the
media enables e.g. optimal conversion of reactants, generation of
microstructure or minimisation of chemical gradients for optimal con-
ditions for microbial growth and yield in bioreactions (Kukukova et al.,
2009; Kukukova et al., 2008). A key bulk parameter used to evaluate
mixing performance is the mixing time (also referred to in literature as
the blend time), which is defined as the time required for a system to
achieve a specified degree of homogeneity (Paul et al., 2004).

The use of mixing time as a parameter to characterise the perfor-
mance of a stirred vessel has evolved from the earliest studies made of
single-phase flows in stirred tanks. Although the reduction of mixing
efficiency down to a single parameter such as a mixing time is a some-
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what crude approach (Nienow, 1997), it is nevertheless a useful
benchmark for industrial practitioners for process scale-up from bench
scale to industrial sized equipment (Roussinova and Kresta, 2008; Ga-
belle et al., 2011; Magelli et al., 2013; Losoi et al., 2024). The seminal
paper by Nienow (Nienow, 1997) in 1997 examined hydrodynamic
theory, together with experimentally determined circulation times and
mixing times and hydrodynamic measurements of agitator volumetric
flow rate, to test the validity of an overall equation relating mixing time
to scale-up parameters presented by various authors (Grenville, 1992;
Ruszkowski, 1994). Circulation times can subsequently be estimated by
dividing the fluid volume by the agitator flow rate if the appropriate
integration limits are chosen to determine both the agitator flow rate
and entrained flow in the circulation loops (Aubin et al., 2001). The
overall equation for determining the time taken to obtain 95% homo-
geneity is well-established in the literature and of the form shown in Eq.
(1), where the constant, A, correlated via numerous datasets (Grenville,
1992; Ruszkowski, 1994), has a value of 5.3 (Nienow, 1997).
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Extension of these approaches to gas-liquid systems, which are highly
relevant to industry e.g., for oxidation and reduction reactions and for
fermentations, has led to a limited number of empirical correlations
generated for specific geometries, such as those with high aspect ratios
(H/T> 1) and using multiple impellers (Cooke, 1988; Vasconcelos et al.,
1995; Zhao et al., 2001; Shewale and Pandit, 2006). Examples of some
mixing time correlations published in literature are shown in Table 1.

1.1. Determination of mixing times from experiments and simulations

Measurement of mixing times is challenging given the complexities
of the hydrodynamic conditions present in stirred tanks. Numerous
studies exist using either pointwise measurements e.g. via addition of
tracer and probes to measure conductivity (Grenville, 1992; Zhao et al.,
2001; Zhang et al., 2009) or pH (Poulsen and Iversen, 1997; Zhang et al.,
2014), or non-invasive optically-based whole field methodologies such
as tracking of a fluorescent tracer or dye (Gabelle et al., 2011; Ramsay
et al., 2016) decolourisation via chemical reaction (Cabaret et al., 2007;
Rosseburg et al., 2018; Fitschen et al., 2021; Delbridge et al., 2023), or a
change in temperature (Lee and Yianneskis, 1997). Probe-based mea-
surements can lead to unrepresentative measurements of the mixing
time, especially in non-Newtonian media when caverns and pseudo-
caverns can be formed (Amanullah et al., 1998; Adams and Barigou,
2007; Simmons et al., 2009), if probe placement, and the injection point
of the tracer media, is not carefully considered (Zhang et al., 2009;
Fitschen et al., 2021). Additionally, their invasive nature may cause a
change in the hydrodynamic conditions (Charalambidou et al., 2024)
and thus the mixing characteristics. However, despite these caveats,
probe measurements can be usefully applied to investigate opaque sys-
tems (Nere et al., 2003; Ascanio, 2015).

Although non-invasive optical based methodologies overcome some
of the above limitations of use of probes, and provide whole field
measurements of the overall system, their reliance on optical properties
limits their use to transparent systems. Thus, they are not suitable for
systems that are highly aerated, limiting gas volume fractions to low
values (Aubin et al., 2004; Chung et al., 2009) or when the fluid itself is
translucent or opaque. Alternative techniques such as Electrical Resis-
tance or Impedance Tomography, have being successfully applied to
determining local and global mixing times in two-phase gas-liquid
stirred tank reactors of various configurations (Montante and Paglianti,
2015; Zak et al., 2022). However, this method is subject to resolution
limitations of typically 5-10% of the tank cross section which limits its
applicability to the study of the overall macromixing performance, and
it does not work if the liquid and gas phases have similar electrical
properties.

These limitations are particularly restrictive in industrial-relevant
scenarios where optical access is not possible, such as with stainless
steel vessels, opaque or complex media, or processes involving high
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levels of aeration. The analysis developed in this work uses Lagrangian
trajectory information, obtained via non-invasive measurements, which
overcomes these constraints.

Techniques for estimating mixing times from Computational Fluid
Dynamics (CFD) simulations typically involve mimicking experimental
methods, such as a decolourisation process (Cabaret et al., 2007). Ex-
amples have included the insertion of a passive scalar, which is funda-
mentally analogous to the injection of a dye (Coroneo et al., 2011).
However, use of passive scalars introduces challenges which have been
well documented in literature, highlighting that numerical diffusion of
the passive scalar, an artefact of discretising the convection—diffusion
equation on a finite grid, can often cause a significant underestimation
of the mixing times. Efforts to compensate for this issue have included
adjusting the turbulent Schmidt (Sc) number (Cappello et al., 2021), but
this requires ad hoc adjustments of the parameter to match experimental
data. Furthermore, the true value of the Schmidt number is not universal
across a given stirred tank system and may vary with local flow condi-
tions. Alternatively, CFD simulations with advanced methods such as
Large Eddy Simulation (LES) with significantly fine grids can notably
reduce the numerical diffusion (Hartmann et al., 2006; Yoon et al.,
2015). However, these simulations are computationally expensive and
may not be feasible for industrial-scale problems.

The application of discrete particle tracking in CFD simulations of
stirred tanks and associated process equipment has been attempted
previously. Investigations have primarily been focused upon two-phase
solid-liquid systems, to attempt to replicate experimentally obtained
statistics. These simulations have successfully predicted the hydrody-
namics and the distributions of the residence and circulation times
(Wadnerkar et al., 2012; Jadhav and Barigou, 2022), with Lagrangian
particles typically being used to represent the solid phase. In simulations
of single-phase or two-phase gas-liquid systems, particle tracking has
been used to provide additional insights into hydrodynamic flow
structures (Aubin and Xuereb, 2006; Arlov et al., 2008; Kuschel et al.,
2021) as well as a unique insight into the lifelines of biological cells in a
stirred tank system (Haringa et al., 2016).

1.2. Peéclet number

To better understand the transport mechanisms governing mixing in
stirred tanks, several studies have adopted approaches based on the
fundamentals of a Péclet number, comparing the convective and
dispersive transport behaviours within a given system (Bremer and
Turek, 2024). For single-phase systems, approaches have quantified the
relative contributions of impeller-driven bulk convection and
turbulence-induced dispersion through local or global Péclet numbers
(Patwardhan, 2001). In aerated stirred tanks, modified forms have been
proposed, such as by Montante and Paglianti (Montante and Paglianti,
2015), who displayed the results as an “inverse modified Péclet num-
ber”. In this representation, positive values indicate increasing domi-
nance of axial dispersive transport generated by the impeller induced-
turbulence and larger-scale recirculation. Conversely, negative values
arise when operating below the flooding transition point, reflecting

Table 1
Some correlations in literature for the mixing times in two-phase gas-liquid stirred tank reactors.
Author Correlation Notes
Cooke et al. (Cooke, 1988) 0 3.3 Correlation for 89g (90% mixing time)
o0 = —— 3543

Vasconcelos et al. (Vasconcelos et al.,
1995)
Zhao et al. (Zhao et al., 2001)

D
1/3

O95 = 2.3exp (0.83n,- +M)

T
Ogs = 5.9T%/3g;~1/3 (6)

o5 = 453.7U%% +

Hs(Pg —0.496 PIG —0.39
() (29

Shewale and Prandit (Shewale and

Pandit, 2!
andit, 2006) FrO-858R; 02941

Correlation for a multiple impeller system (n; is number of impellers)

Correlation is a modification of the single-phase mixing time proposed by
Ruszkowski.

Correlation for a dual impeller system (fitted with one PBTD and one RT).
(Ri is the Richardson number)
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convection dominated behaviour associated with a bubble rise, rather
than implying physically negative dispersion.

More recently, Zak et al. (Zak et al., 2025) applied a gas-phase Péclet
number derived from axial dispersion modelling of the gas residence
time distribution. This Peclet number was used to quantify differences
between ideal mixing conditions and the experimentally measured
conditions under various operating configurations. These frameworks
have been successfully applied to single-impeller (Montante and
Paglianti, 2015) and multiple-impeller (Zak et al., 2025) aerated sys-
tems, enabling complex hydrodynamic behaviour and mixing mecha-
nisms to be reduced to a single scalar value.

1.3. Lagrangian measurement approaches

The above review of the literature identifies scope for a high reso-
lution, non-invasive measurement technique which can be applied to
stirred vessels containing opaque fluids and/or high gas volume frac-
tions, to obtain hydrodynamic data. Nucleonic measurements have been
exploited to fill this gap. These include Computer-Activated Radioactive
Particle Tracking (CARPT) (Rammohan et al., 2001; Khopkar et al.,
2005; Guha et al., 2007) and Positron Emission Particle Tracking (PEPT)
(Parker et al., 1993), the technique employed in this study. PEPT is a
non-invasive, nucleonic, three-dimensional Lagrangian measurement
technique and it has been used to interrogate laboratory-scale stirred
tanks with single-phase fluids (Fangary et al., 2000; Chiti et al., 2011),
two-phase solid-liquid (Guida et al., 2009; Guida et al., 2010), two-
phase gas-liquid (Fishwick et al., 2005; Peace et al., 2025) and three-
phase gas-solid-liquid (Fishwick et al., 2003; Cole et al., 2022) sys-
tems. To obtain PEPT data, a small tracer particle is radioactively
labelled with a radioactive isotope, typically Fluorine-18 (18F), Sodium-
22 (**Na) or Gallium-68 (%Ga) (Windows-Yule et al., 2020), and
inserted into the experimental system. The radioactive particle un-
dergoes p* decay, emitting multiple pairs of highly penetrating gamma
rays, with each pair being anti-parallel and colinear in nature to within
+ 0.5° (Windows Yule et al., 2021). Detection and triangulation of these
events enable the particle position and thus the particle trajectory to be
obtained as a function of time. By using specially developed algorithms
(Windows Yule et al., 2021), particle positions can be resolved with sub-
millimetre accuracy at particle velocities of approximately 1 — 1.4 m s™!
(Windows-Yule et al., 2020; Windows Yule et al., 2021; Parker et al.,
2002). PEPT studies to date have focused on obtaining hydrodynamic
data based on either the Lagrangian trajectories or via analysis to
convert into a Eulerian dataset for validation of CFD studies (Liu and
Barigou, 2013; Hart-Villamil et al., 2024).

In this paper, Lagrangian PEPT data is used solely for the first time to
determine mixing times. Whilst Lagrangian data from other measure-
ment techniques have been used to assess fluid circulation, mixing times
have been calculated using alternative measurement techniques e.g.
decolourisation (Hofmann et al., 2025). The method used for assessing
mixing time in this study is the quantity of ‘Dispersion’, initially pro-
posed for PEPT data by Martin et al. (Martin et al., 2007). In their work,
this was applied to PEPT data collected from a fluidised bed, high shear
granulator and a small, bladed solids mixer. By analysing the variance in
the particle trajectories from a loosely grouped location, from an arbi-
trary start time (t = tp) to some subsequent time (t; = ty + At), the ef-
ficiency of the mixing device was quantified using a metric named
‘Mixing Effectiveness’ (ME). This allowed for a quantitative evaluation
of the local and global mixing behaviour.

Bashiri et al. (Bashiri et al., 2016) proposed a Lagrangian approach to
mixing time estimation using Radioactive Particle Tracking (RPT), based
on the statistical decorrelation of particle trajectories. Two indices were
used: a ‘weak sense’ mixing index, derived from the correlation between
initial and final positions of segments of a single-particle trajectory, and
an autocorrelation-based approach that defines mixing time as the point
where the trajectory memory loss occurs, indicated by the autocorrela-
tion values falling within specified confidence intervals. Whilst this
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method is robust, this approach focuses more on the temporal inde-
pendence rather than the physical dispersion of the tracer particle.
Hofmann et al. (Hofmann et al., 2025) used Lagrangian particle
trajectories from a 40 mm diameter “Lagrangian Sensor Particle — LSP”
to determine particle circulation times in a large-scale model of an in-
dustrial bioreactor. The LSP was shown to be able to resolve flow
structures at the meso-to macro scale at length scales greater than the
size of the impeller, based on a Stokes number analysis. Their work
focused on a bespoke design, high aspect ratio, 15,000 L bioreactor
equipped with multiple impellers under in single-phase and two-phase
aerated conditions. Calculation of a 95% mixing time via the LSP data
was not attempted, however their work identified a ratio between 95%
mixing time calculated from decolourisation experiments and overall
circulation time from the LSP measurements with a Rushton turbine,
ranging between 2.6 and 4, in line with literature results (Bisgaard et al.,
2021). Their mixing time data was in good agreement with a modified
form of Eq. (1) presented by Cooke et al. (Cooke, 1988) amongst others.

1.4. Purpose of investigation

The literature reviewed above shows that whilst mixing times, ob-
tained from using another method such as decolourisation, have been
correlated to particle circulation times obtained using Lagrangian sta-
tistics, mixing times have not been directly determined before solely
using Lagrangian particle statistics.

Using the Lagrangian statistics from PEPT experiments, we present
and validate a methodology for the quantification of mixing time
without relying on optical access for the capturing of a tracer dispersion,
or the use of invasive local probe measurements. The whole-field, time
resolved view of the mixing behaviour afforded by the Lagrangian data
captures local heterogeneities which provides an additional level of
robustness to the mixing characterisation.

The methodology is first validated in a series of single-phase exper-
iments containing Newtonian media, with the results from the
Lagrangian-based method being compared to well-established empirical
correlations in literature as well as an optical-based decolourisation
technique. Next, the non-optical nature of the PEPT technique is
exploited by measuring the mixing times in highly aerated stirred tank
systems involving Newtonian and non-Newtonian media across both the
flooded and dispersed aeration regimes. The aeration rates, in terms of
superficial gas velocities and volumetric flow rates as a function of the
overall tank volume, are representative of industrial practice, but
remain poorly characterised due to limitation of conventional mea-
surement approaches. The chosen operating conditions for the non-
Newtonian cases are appropriate for the typical operating conditions
experienced within industrial production processing of viscous non-
Newtonian media, such as those encountered in the fermentation of
filamentous fungi (Gabelle et al., 2012; Hardy et al., 2017). Given the
high viscosities of these mixtures, the systems would be operating within
the transitional flow regime, as studied in this investigation. It remains
an open question whether established mixing time correlations, origi-
nally developed for single-phase systems and somewhat cautiously
extended to two-phase gas-liquid systems containing low gas fractions
and Newtonian fluids, remain valid under such industrially relevant
operating conditions.

By comparing the PEPT-derived mixing times with existing theory,
including both classical mixing time correlations and the relationship
between mechanical dispersion and bubble-induced advection, this
study addresses a key gap in the understanding of gas-liquid mixing
performance at industrially relevant gas loadings.

2. Materials and methods
2.1. Operating conditions and dataset

Experiments were conducted in a flat-bottomed tank of diameter T =
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0.2 m; a schematic is shown in Fig. 1. Four longitudinal baffles of width
T/10 were fitted flush to the tank wall, spaced every 90°. The tank was
filled up to a height H = T, resulting in a working fluid volume of 6.283
L. To enable comparison of results between radial and axial mixing
patterns, experiments were performed with either a standard radial
pumping Rushton turbine (RT) (Rushton et al., 1950) of diameter D = T/
3 and clearance height C = T/3, or an axial pumping 60-degree up-
pumping pitched-blade turbine (PBTU) of diameter D = 0.4 T and a
clearance height of C = 0.36 T. The chosen dimensions of the impellers
fall within the standard dimensions for these impeller types (Paul et al.,
2004). For all the aerated cases, a ring sparger of diameter d = T/4 was
positioned centrally on the vessel axis, at a clearance height ¢ = T/6. The
sparger contained 13 holes, each of 1 mm diameter, with a 5 mm
diameter pipe connecting the sparger ring to the top of the tank, where it
was connected to the external compressed air supply. This pipe was
routed close to a baffle to prevent interference on the flow field.

The experimental conditions used are given in Table 1. Gas was
supplied via a compressed air supply and regulated using a Bronkhorst
MASS-STREAM D-6371 mass flow controller and a personal computer
with bespoke Python code. In aerated cases, gas flow rates (Qg) of 10.05,
18.89 and 31.42 L min~* (Qg = 1.68 x 107%, 3.14 x 10 * and 5.24 x
10~*m3s™!) were used, corresponding to superficial gas velocities (Usg)
0f0.53,1.00 and 1.67 cm s~! and volumetric flow rates (Vessel Volumes
per Minute) of 1.6, 3.0 and 5.0 respectively. The superficial gas veloc-
ities and volumetric flow rate (VVM) were selected to fall within ranges
that are typical of larger-scale industrial bioreactors. Newtonian ex-
periments utilised a viscous aqueous glycerol solution (70% (v/v)
Glycerol) comprising of tap water and Fisher Scientific Glycerol (98+%
Extra Pure) (p = 1182 kg m’g, u = 33.32 mPa s).

Two solutions of non-Newtonian shear-thinning Sodium Carboxy-
methylcellulose (CMC) (Ashland CMC-7HF, Ashland, United States)
were used, with the powder being mixed with tap water. The density of
the CMC solutions was assumed to be approximately 1000 kg m™~3, as
both polymer concentrations were relatively low (0.5% and 1.0%, both
by weight), and the density increase over pure tap water solutions have
been shown to be minimal (Cancela et al., 2005).

Fluid rheology was measured using a roughened 40 mm diameter,
parallel plate geometry. Both CMC solutions were found to fit a power
law rheology model as defined by Eq. (2), with measured values for both

1.3T T
Y /3
Z T/3
> X I - |

Fig. 1. Schematic of tank setup (single-phase with Rushton turbine).
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solutions as follows: 0.5% (w/w) (K = 390 mPa s", n = 0.63) and 1.0%
(w/w) (K = 3370 mPa s", n = 0.49). For the non-Newtonian cases,
apparent viscosities were approximated using the Sanchez-Pérez corre-
lation for average shear rates for turbulent flow in stirred tanks (Sanchez
Pérez et al., 2006), shown in Eq. (3). This approach was selected instead
of the commonly used Metzner-Otto correlation (Metzner and Otto,
1957), as the Metzner-Otto correlation was developed for flows in the
laminar regime and has limited physical meaning outside of this flow
regime (Delaplace et al., 2020). The calculated average apparent vis-
cosities, g, of the CMC solutions are shown in Table 2. The apparent
viscosities for the 1.0% (w/w) CMC solution are an order of magnitude
greater than the apparent viscosities calculated for the 0.5% (w/w) CMC
solution for all cases.

pa(7) = K7™ )]
5 1

. 4pN,D>\1+n_ 3

Yave = ( 27Ip<ﬁ_ ) Ni+n 3

2.2. Power input (Torque)

Power input was obtained via torque measurements on the impeller
shaft using a SGR520 torque transducer (Sensor Technology Limited,
Banbury, UK). Three measurements were undertaken for a duration of
180 s, in both single- and two-phase operating conditions. Additional
measurements were undertaken without fluid, to determine the losses
due to mechanical drag from the motor and the bearings. This enabled
the torque due to the transfer of mechanical energy into the fluid to be
determined. The measured power values and the derived power
numbers for all single-phase Newtonian cases are shown in Table A in
the Supplementary Information. Impeller contributions for the two-
phase Newtonian and non-Newtonian cases are shown in Tables B and
C respectively in the Supplementary Information.

2.3. Gas hold-up/void fraction

The average global gas hold-up for each aerated case was determined
through triplicate visual measurements of the fluid free surface expan-
sion height (AH) and comparing it to the original fluid height (H). The
percentage gas hold-up / void fraction, ¢,, was calculated using Eq. (4),
with the associated void fractions for each case being shown in Table 2.

AH

9 =100 x e

4

2.4. PEPT measurements

PEPT experiments were performed at the University of Birmingham’s
Positron Imaging Centre, using the ADAC Forte PET camera (Parker
et al., 2002). The tracer particle used was a single ion exchange resin
particle of diameter d, = 300 pm and of density p, = 1182 kg m~>. The
particle was deemed to be neutrally buoyant in the aqueous Newtonian
solution by performing an experiment where the motion of the particle
was observed in a volume of static fluid for two hours, with no motion of
the particle being observed. In the CMC solutions, a small density dif-
ference was present to aid the particle in its transit out of any stagnant
flow zones in the vessel. Stokes numbers, Stk, for this particle under
single-phase Newtonian conditions were calculated to be in a range of
0.0018 < Stk < 0.0071, using Eq. (5). Previous studies using PEPT have
determined that if Stk < 0.01, the particle can be deemed as a true
velocimeter (Guha et al., 2007; Guida et al., 2009; Guida et al., 2010),
and therefore faithfully follow the flow for all cases.

T /)Pdp2 D

Stk =+ = —
i 18#& U'np

)
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Table 2
Experimental operating conditions, apparent viscosities and gas void fractions.
Condition Impeller N [RPM] Re Fr Usg Flg Ha [0
[-] [-] [ems™'] [mPa s]
Newtonian Single-Phase RT 190 500 0.07 0.00 0.00 33.3 N/A
301 800 0.17
393 1030 0.29
530 1400 0.53
667 1750 0.84
764 2000 1.10
PBTU 300 1135 0.20 0.00 0.00 33.3 N/A
500 1890 0.57
Newtonian Two-Phase (Flooded) RT 190 500 0.07 0.53 0.18 33.3 0.5%
1.00 0.34 1.0%
1.67 0.56 2.5%
Newtonian Two-Phase (Dispersed) RT 530 1400 0.53 0.53 0.06 333 1.0%
1.00 0.12 2.5%
1.67 0.20 4.0%
PBTU 300 1135 0.20 0.53 0.07 33.3 1.5%
1.00 0.12 2.0%
500 1890 0.57 0.53 0.04 33.3 3.0%
1.00 0.07 4.5%
0.5% CMC Two-Phase (Dispersed) RT 621 675 0.73 0.53 0.05 81.9 3.5%
1.00 0.10 82.3 2.0%
1306 2300 3.22 0.53 0.03 52.6 2.0%
1.00 0.05 529 3.5%
1.0% CMC Two-Phase (Dispersed) RT 1306 280 3.22 0.53 0.03 710 4.0%
1.00 0.05 756 6.5%
1.67 0.08 763 9.0%

The resin particle was doped with Fluorine-18 (*®F) in water, with a
resin lacquer then applied to seal the '®F jons into the particle and then
inserted into the experimental system. ®F was chosen due to its short
half-life of 109.8 min (Alauddin, 2012), meaning it was relatively easy
to store and dispose of. As the particle traverses the system, ' decay
occurs, emitting positrons which annihilate with nearby electrons in the
surrounding fluid media, resulting in the emission of a pair of co-linear
511 keV gamma rays. As tens of thousands of gamma ray pairs are
emitted per second, their position can be triangulated to obtain particle
positions over time at a high frequency in the order of 10% Hz. Because
PEPT is a single particle tracking technique, it is necessary to perform
each measurement for a suitable duration to ensure ergodicity of the
statistics. In the present work, data are taken for a minimum duration of
3 h, comfortably more than the requirement for ergodicity (Guida et al.,
2009; Chiti et al., 2011). The positions of the tracer particle were
determined using the PEPT-ML algorithm (Nicusan and Windows-Yule,
2020), with the instantaneous velocities calculated via the use of a two-
dimensional, seven-point fitted, moving polynomial approach.
Lagrangian statistics are outputted at a fixed time step of 5 ms, equiv-
alent to a sampling rate of 200 Hz, in Cartesian co-ordinates and located
in the global co-ordinate system of the PEPT scanner. These positions
were normalised with respect to the tank diameter, T, and subsequently
converted to polar co-ordinates.

2.5. Mixing times via PEPT measurements

Each dataset comprised a single, continuous Lagrangian trajectory of
the radiolabelled particle tracked via PEPT. The trajectory was
segmented into a series of shorter sub-trajectories, allowing the statis-
tical properties to be calculated locally from the repeated transits
through each voxel. As the statistics were ergodic in nature, this allows
for the single-particle trajectory to yield spatially resolved mixing in-
formation. Based on the methodology developed by Martin et al. (Martin
et al., 2007), a cylindrical grid was formed equal to the size of the fluid

region, with each voxel being of equal volume. Calculations using the
‘mixing effectiveness’ (ME) metric were performed using the Up* open-
source software package (Werner, 2022).

To evaluate the reliability of the Lagrangian mixing time measure-
ments to the voxel size tests were performed with 10, 20 and 40 voxels in
each of the radial (r), axial (y) and azimuthal (0) directions, (corre-
sponding to 1,000, 8,000 and 64,000 total voxels respectively). 10
voxels per direction resulted in significantly under-estimated dispersion,
due to the larger voxels obscuring the smaller scale motion of the par-
ticle throughout the system. 40 voxels were found to show substantial
noise and was not consistently able to converge on a solution due to the
over-segmentation of the domain. Based upon these findings, a resolu-
tion of 20 voxels per direction was selected as an appropriate compro-
mise, offering both numerical stability and sufficient spatial resolution
to capture the relevant fluid and particle dynamics. Small changes about
this value did not materially change the values of the measured particle
dispersion. Dispersion statistics were obtained within each voxel only
when more than one particle sample contributed (n > 1). Although in-
dividual voxel contributions may be subject to local variability, the > 3
h acquisition time per experiment considerably exceeds the durations
previously reported to obtained statistically ergodic behaviour in com-
parable previous PEPT investigations (Chiti et al., 2011). The large
ensemble of overlapping trajectory samples, evaluated at each valid
time step, ensures that there was statistical convergence of the mixing
effectiveness metric at the selected spatial resolution.

In this investigation, a value of At of 20 ms is used. This choice
mirrors the 50 Hz sampling rate typical of optical-based methods,
enabling consistency with benchmark techniques. Varying the time step
between 20 ms and 80 ms showed negligible influence on the computed
mixing time. While coarser time steps introduced greater percentage
uncertainty, the absolute values of dispersion were stable, indicating
that the method is not inherently dependent on the temporal resolution.
Each measurement was performed for a duration of 12 s (12000 ms), to
ensure a steady-state value of ME was obtained across the full range of
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system parameters explored. The dispersion calculation is performed at
each time step, corresponding to a highly overlapped sampling strategy
with an effective spacing between each successive trajectory being equal
to the sampling frequency of the PEPT experiments (5 ms, 200 Hz).
Therefore, a large ensemble of start points was obtained for each dataset.

As the tank is axisymmetric, a modified version of the equation
proposed by Martin et al. (Martin et al., 2007) is used, where the
azimuthal component is averaged. This approach is justified as varia-
tions in the azimuthal direction are negligible when compared to vari-
ations in the radial and axial directions.

Firstly, the particle dispersion is computed by integrating on a voxel-
by-voxel basis in the PEPT measurements using Eq. (6) (Martin et al.,
2007).

ot =— Z(ri*F)ZJrO’i -y ©

where ¢ is the variance of the particle position (a measure of the par-
ticle spread from a loosely grouped region, with units of length?), i is the
index of the voxel which the calculation is referring to, r; and y; to the r
and y positions of the i" voxel, T, and y are the mean positions of the
particles in the r and y co-ordinates, respectively and n, is the number of
voxels to describe the system.

The variance of the particles is then used to calculate the mixing
effectiveness (ME, mm?) of the system (Martin et al., 2007), shown in Eq.
(7), where ny, ; is the number of passes from the particle through each ith
voxel, weighting the mixing on a voxel-by-voxel basis based upon the
number of passes of the particle through a given voxel. Owing to the
constant voxel volume discretisation, ME values were computed with no
weighting applied for cells close to the tank wall or near the impeller
region.

1 &
ME =— "oy, %)
=

Plotting the change in ME over time yields the curve shown in Fig. 2,
with the curve reaching a plateau. The plateau identifies where the
variance of the particle positions cannot increase any more due to being
constrained by the geometry of the system, i.e. the particles have
reached the extremities of the vessel walls and cannot “spread out” from
one another any further.

To mathematically identify where the ME reaches a plateau, the first
derivative of the ME is taken against time. This is then normalised by the
maximum change of the derivative, as shown by Eq. (8).
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Fig. 2. Graph showing change of ME over time and rate of change of the
normalised ME. 0% and 095 marked on the graph. (N = 764 RPM, Usg =
0cms™b).
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Eq. (9) shows the first time where the normalised derivative equals zero.
This time, 6*, was identified as the earliest point where the normalised
first derivative equals 0 and substantially remains at 0, as shown by
Fig. 2. Due to experimental noise, this determination was assessed by a
manual inspection of the local derivative and the derivative curve itself
and not using a fixed numerical threshold.

o = min{t‘ (d(l‘\;E)>NoxM =0 } ©)]

695 is defined as the time at which the mixing effectiveness reaches 95%
of its final value, as described by Eq. (10), with this also being shown in
Fig. 2.

o5 = 0.950" (10)

The relationship between mixing effectiveness and mixing time can be
understood theoretically by drawing an analogy with classical diffusion.
In diffusive systems, the mean squared displacement (MSD) of a tracer is
given by Eq. (11), where Dggr is the effective dispersion coefficient.

(Ax2> = 2Dgr t an

In this context, ME is a spatially averaged measure of the particle vari-
ance, calculated from repeated trajectory segments emanating within
each voxel. Since it captures the extent of particle spreading over time,
ME scales similarly to the MSD. In the early stages of the mixing process,
this gives Eq. (12):

ME(t) ~ Dggp t (12)

If we define the mixing time, 0, as the time required for the tracer to
fully explore the system, it can be approximated by the time required for
the particle to spread across a characteristic length scale. For a stirred
tank, a natural choice for this length scale is the tank diameter, T.
Therefore, the mixing time can be written as Eq. (13). Substituting the
relation developed in Eq. (12) gives Eq. (14).

TZ
0 ~ a3
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This shows that, for a given tank size and an observation time, t, the
mixing time is inversely proportional to the ME. This relationship as-
sumes two key conditions: the system is in a statistically steady state and
the particle trajectory, and therefore the data obtained, is ergodic in
nature. These assumptions are valid here due to the 3 hour acquisition
time and the well-developed, steady-state flow field in the stirred tank.
Under these conditions, ME serves not only as a spatial indicator of
mixing performance, but also as a robust proxy for determining mixing
times in cases where direct scalar measurements are not possible.

2.6. Mixing times via acid-base decolourisation (ABD)

The acid-base decolourisation technique employed uses the meth-
odology from Cabaret et al. (Cabaret et al., 2007). A fast acid-base re-
action between hydrochloric acid (HC]) and sodium hydroxide (NaOH)
is conducted within the tank in the presence of bromocresol purple (BP)
(1.6 x 107°M), a pH indicator, which appears purple at pH > 6.8 and
yellow at pH < 5.2. The colour changing nature of BP is leveraged to
evaluate mixing inside the tank. First, the bulk fluid is set a deep red
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colour via dropwise addition of 10 M NaOH and the volume of 10 M HCl
required to turn the solution yellow is determined experimentally (0.04
mL). An acid-to-base ratio greater than 2:1 is recommended to ensure
repeatable macromixing times are attained in decolourisation experi-
ments (Godleski and Smith, 1962), so 0.1 mL of HCI is diluted into 0.9
mL of bulk solution to create an acidic premix. The premix has similar
viscosity and density to the bulk fluid to reduce their impact on the
mixing process.

Mixing inside the tank is, thus, evaluated by depositing the acidic
premix at a fixed point on the free surface using a wide-nozzle syringe,
initiating the colour change from deep red through orange and, finally,
yellow. The process is filmed and digitally analysed based on RGB-based
criteria to extract 0gs. After the run has finished, 0.1 mL of NaOH is
added to the tank to reset the colour to deep red before removing 1.1 mL
to maintain a constant volume inside the tank.

A typical evolution of the colour inside the tank via the acid-base
decolourisation technique is shown in Fig. 3.

Each mixing run was recorded using a Fujifilm X-T3 mirrorless
camera at a resolution of 1080p and frame rate of 25 fps, recording until
the fluid appeared uniformly yellow or until a 10-minute cut-off time
was reached. Optical distortions due to curvature of the tank walls were
minimised by placing the vessel inside a rectangular acrylic viewing box,
filled with water, which was backlit by an LED panel (Gekko Karresslight
6006). To ensure that mixing was run until completion, the green
channel pixel intensities were evaluated and checked for stabilisation
during post-processing. Triplicate experiments were performed to
eliminate any anomalous mixing time statistics.

The mixing recordings were exported as MOV files and converted
into series of PNG images for quantitative evaluation of mixing time.
Before processing, these images were masked to exclude the tank walls,
impeller, shaft and any free surface deformation from the analysis. This
allowed for the bulk flow of the system to be focused on. A custom Py-
thon script was written to extract fys from these masked image series,
working with arrays of green channel pixel values, G, extracted from
each frame. This channel was selected because it most accurately rep-
resents the change in colour seen in decolourisation experiments using
BP (Cabaret et al., 2007; Delbridge et al., 2023).

For each frame, a normalised signal intensity, G, was calculated on a
pixel-by-pixel basis using averaged initial, Go, and final, G, signal
values, and as per Eq. (15). Averaged arrays were employed to account
for variation in G due to LED backlight flicker, using the first and last 10
frames for Go, and G, respectively.

. G—=Gy
a6

(15)
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Since each pixel could be treated as an individual probe, the root mean
square variance of G, orys, for each frame was calculated as per Eq. (16)
(Paul et al., 2004), where N, is defined as the number of non-masked
pixels in the image.

1 K.
s = 3~ 2 (G —1)° 16)

PX =0

The 95% mixing time, 0ys, was defined as the time required for the
green-channel pixel intensity extracted from the RGB images, as dis-
cussed prior, to reach 95% of the total change between the initial un-
mixed state and the fully mixed steady-state condition, according to the
method presented in Delbridge et al. (Delbridge et al., 2023). The value
of the 95% mixing time was then identified by visually inspecting the
gradient of the log-variance signal. Using the gradient at the point of
maximum descent, a linear fit was applied. The mixing time was
calculated as the point where this line crossed the threshold value of log
(0.05) = —2.602, which corresponded to 0ys. This approach was chosen
over directly using the log-variance curve, which often exhibits an initial
lag phase, similar to the lag effects observed in pH probe-based mixing
time measurements, which can significantly skew the measured mixing
time of the system (Zhang et al., 2014). The extrapolated time was then
compared to the point of closest intersection with the original curve,
showing good agreement.

3. Results and discussion
3.1. Validation of Lagrangian mixing times via single phase measurements

To evaluate and validate if the novel measurement methodology
proposed can accurately determine mixing times, investigations were
made using a series of single-phase systems, containing Newtonian
media. Acid-base de-colourisation (ABD) experiments were also per-
formed to provide an independent assessment of the Lagrangian mea-
surement technique using the exact system geometry and fluid
properties. These experiments were performed using the methodology
described in § 2.5.

Fig. 4 compares the measured values of 095 for Newtonian single-
phase flow using the Lagrangian and ABD techniques, along with the
benchmark empirical correlation of Grenville (Grenville, 1992), using
the RT and PBTU impellers respectively. Good agreement is obtained for
all datasets, with the values obtained from all three methods fitting
within the error bars, apart from at the lowest impeller speed used with
the Rushton turbine (190 RPM). This can be attributed to the reduced

t=0s

t=18s

t=14s t=16s

t=20s t=27s t=115s

Fig. 3. Typical example of the evolution of mixing with the Rushton turbine using acid-base decolourisation experiments (N = 190 RPM, Ugg = 0 cm s~ ).
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Fig. 4. (a) Comparison of (6gs) values from Lagrangian, empirical (Grenville, 1992) and ABD measurements for single-phase Newtonian experiments. (b) Fit of 695
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turbulence and limited fluid circulation in the vessel at low Reynolds
numbers (Re = 500), leading to the acid-base reaction occurring more
rapidly in the region closest to the injection point. In contrast, the
Lagrangian technique matched the mixing times determined through the
Grenville correlation across the full range of parameters tested.

The value of coefficient, A, as shown in Eq. (1), was calculated
through the Lagrangian mixing effectiveness technique as 5.2 + 0.5 with
an error defined as + 10%, matching that of Grenville (Grenville, 1992)
and quoted in the later work by Nienow (Nienow, 1997). Whilst the
dataset used here is extremely limited compared with that used to
generate Grenville’s correlation, such good agreement is nevertheless
highly encouraging and shows that this analysis obtains values of mixing
time equivalent to existing methods.

3.2. Lagrangian mixing times in gas-liquid systems

The PEPT technique enables full field, three-dimensional measure-
ments in opaque systems. Therefore, it is exploited in this work via
measurements over a wide range of gassing rates, leading to gas void
fractions from 0.5 to 9% in Newtonian and non-Newtonian fluids, as
shown in Table 1.

In an aerated vessel, the total power, Pr, has contributions from both

the mechanical input due to the rotation of the impeller, Pj, and buoy-
ancy driven effects from the gas flow, Pg. Previous literature has used
two different equations for quantifying the contribution due to Pg. Work
by Zhao et al. (Zhao et al., 2001) defined Pg by using the gas flow rate
(Qg) and the submergence height of the sparger (Hs). Thus, in this work,
Hs = %T is used. Eq. (17) is used to calculate the total power in the
system.

Pr =P +p,QcHsg a7

Zhao et al. (Zhao et al., 2001) identified that the single-phase mixing
time correlation of Ruszkowski (Ruszkowski, 1994), shown in Eq. (18),
fitted their measured mixing time data accurately. The only modifica-

tion made was using the total specific power (e7 = (%T,)) instead of

using the power supplied by the impeller alone (Py).

T\ /3
Oos = 5.9T*3¢,71/3 <B> (18)

3.2.1. Modified Péclet number
The use of a Péclet number allows for an understanding of the
mechanisms (impeller-driven versus buoyancy-driven) of mixing within

Table 3
Bubble rise velocities and calculation of the inverse modified Péclet number for Newtonian and non-Newtonian gas-liquid flow.
Fluid Impeller Aeration Regime Usg [em s71] Ug [ems™1] 1/Pe*
70% (v/v) Glycerol RT Flooded (190 RPM) 0.53 106.00 —0.01
1.00 100.00 —-0.01
1.67 66.80 —0.02
Dispersed (530 RPM) 0.53 53.00 0.03
1.00 40.00 0.02
1.67 41.75 0.01
PBTU Dispersed (300 RPM) 0.53 35.33 0.03
1.00 50.00 0.02
Dispersed (500 RPM) 0.53 17.67 0.13
1.00 22.22 0.10
0.5% (w/w) CMC RT Dispersed (621 RPM) 0.53 15.14 0.12
1.00 50.00 0.03
Dispersed (1306 RPM) 0.53 26.50 0.22
1.00 28.57 0.19
1.0% (w/w) CMC RT Dispersed (1306 RPM) 0.53 13.25 0.45
1.00 15.38 0.36
1.67 18.56 0.27
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a given aerated stirred tank system. As discussed in §1.2, the work of
Montante and Paglianti (Montante and Paglianti, 2015) defined the
relationship between the impeller-driven and gas-driven aspects of the
stirred tank system by using a modified Péclet number, as shown in Eq.
(19). The axial dispersion coefficient, a measure of the effectiveness of
the impeller under aerated conditions, Dy, was calculated using Eq. (20),
with an impeller-specific constant, a, equal to 0.16 for a Rushton turbine
and equal to 0.12 for an up-pumping pitched-blade turbine (Montante
and Paglianti, 2015), with N being the impeller speed. The variable Ng;,
represents the impeller speed at which the transition to the flooded
aeration regime is achieved, for a given superficial gas velocity. For the
cases with the Rushton turbine, the impeller speed at which the flooding

35
transition occurs was calculated using the correlation, Flg = 30Fr (?)

(Nienow et al., 1985), comprising the gas flow number (Flg), Flg = %,
and the impeller Froude number (Fr), Fr = %, to determine the critical
transition point. In the cases involving the up-pumping pitched-blade
turbine, the flooding transition speed was calculated by using the cor-

relation, Flg = 6000T'%5Fr?7 (Bujalski et al., 1988).

. UgH;
Pe = D, (19)
D; = aD*(N — Ng) (20)

The bubble rise velocity, Up, was estimated using the ratio between the
superficial gas velocity, Usg, and the global gas void fraction of the
system, shown in Eq. (21). This method was chosen compared to others
in literature (Colombet et al., 2015), which require an additional mea-
surement or suitable estimation of the bubble rise velocity at the outlet
of each of the sparger holes. This is a challenging measurement to take
via image processing techniques in an aerated stirred tank due to
accumulation of bubbles at the tank wall. By relating the Ugg to the local
gas hold-up, this provides a representative swarm velocity that inher-
ently represents the hindrance effects in very dense bubbly flows.
Usc

Up=—~ 21
Pg

Table 3 shows the calculated bubble rise velocities and the inverse of the
modified Péclet number for all two-phase cases investigated. The high
bubble rise velocity in the flooded cases indicates the presence of slug-
like bubble formation (Jamshed et al., 2018), with the gas rising
around the impeller shaft. For all cases in the dispersed aeration regime,
the lower speed bubble rise implies smaller diameter bubbles arising
from the gas-impeller interaction (Jamshed et al., 2018; Alves et al.,
2002), resulting in greater gas hold-up values generally being obtained
(Peace et al., 2025).

3.2.2. Newtonian mixing times

Fig. 5a shows the measured mixing times (695) using the Lagrangian
technique and comparison to the modified version of the Ruszkowski
(Ruszkowski, 1994) equation, proposed by Zhao et al. (Zhao et al.,
2001), for the aerated systems containing Newtonian media, operating
in both the flooded and dispersed aeration regimes, agitated by either a
Rushton turbine or up-pumping pitched blade turbine. In the flooded
aeration regime, there is a significant discrepancy in the mixing times
between the measured mixing times with the Lagrangian statistics, and
the correlation. This can be partially attributed to the very high super-
ficial gas velocities used in this investigation, with much of the power
input into the system (approximately 80%) resulting from the gas-driven
buoyant motion (Zak et al., 2022), as shown in Table C in the Supple-
mentary Information. When compared to the single-phase case at the
same impeller speed and Reynolds number, the mixing times in the
flooded regimes are approximately halved.

In the dispersed aeration regime, relatively good agreement is
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Fig. 5. (a) Measured 695 in two-phase Newtonian systems compared to Zhao
et al. (Zhao et al., 2001). (b) Inverse modified Péclet number versus normalised

dimensionless mixing time (0gs). (%)

obtained with all the cases. The cases with the pitched-blade turbine
show an increase in the superficial gas velocity, at a constant impeller
speed, decreases the mixing time. On the other hand, in the dispersed
cases with the Rushton turbine, an increase in the superficial gas ve-
locity does not necessarily yield a decrease in the mixing times, with the
mixing times plateauing at higher superficial gas velocities, matching
previously observed behaviour in literature (Zhang et al., 2009; Mon-
tante and Paglianti, 2015; Zak et al., 2022). This can be attributed to the
poor performance (a significant drop in P) of the Rushton turbine under
highly aerated conditions, only being partially offset by the additional
power inputted by the gas.

Fig. 5b highlights the role of buoyancy-driven circulation relative to
the impeller-induced dispersion. In the flooded aeration regime, the
normalised mixing time is substantially lower (approximately 0.4 - 0.5),
reflecting the strong contribution of the gas buoyancy to the bulk fluid
circulation, despite limited mechanically driven dispersion from the
impeller. Conversely, in the dispersed aeration regime, regardless of
impeller type, the normalised mixing time, the mixing time with respect
to the equivalent single-phase case, remains close to 1. This indicates
that the gas-phase motion contributes less significantly to an overall
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Fig. 6. (a) Measured 6gs in two-phase non-Newtonian media compared to Zhao
et al. (Zhao et al., 2001). (b) Inverse modified Péclet number versus normalised
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homogeneity of mixing performance once the impeller dispersion is
established. Despite the total power input being accounted for in the
original correlation, the conditions explored in this work, particularly in
terms of the contribution of gas, up to Ugg = 1.67 cm s7! (5 VVM),
extends well beyond the range investigated in previous studies, taking
advantage of the capabilities of PEPT to interrogate opaque systems.

3.2.3. Non-newtonian mixing times

Fig. 6a shows the 95% mixing times for all cases using non-
Newtonian 0.5% (w/w) or 1.0% (w/w) CMC solutions, with all oper-
ating within the dispersed aeration regime. With all the cases of the
0.5% (w/w) CMC, the mixing time decreases with the increase in the
superficial gas velocity. This is significant in the Re = 280 cases, where a
47% decrease in the mixing time is observed between Usg = 0.53 and
1.00 cm s~ . The Zhao correlation (Zhao et al., 2001) predicts the mixing
times at Re = 2300 reasonably well but significantly under-predicts the
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mixing times at the Re = 675. This under-prediction is also observed in
all the 1.0% (w/w) cases, with the measured mixing times using the
Lagrangian method being approximately 3 — 4 times greater than those
predicted with the correlation. A possible explanation is that the cor-
relation was developed for fully turbulent flow regimes in the dispersed
aeration regime (Zhao et al., 2001), the flow is in the transitional flow
regime and therefore by its nature, are more strongly influenced by the
fluid rheology. The higher apparent viscosity of the 1.0% (w/w) CMC
solution significantly dampens the turbulence and reduces the effec-
tiveness of gas-induced mixing. Although the data presented here are
limited, the large differences observed do highlight a gap in the pre-
dictive capability of existing correlations, which can be explored further
via full-field Lagrangian measurements.

Fig. 6b illustrates the relationship between the dimensionless mixing
time with respect to the inverse modified Péclet number respectively.
For the non-Newtonian systems, single-phase reference experiments
were not performed using the PEPT or ABD techniques. Instead, the
single-phase correlation of Grenville (Grenville, 1992) was used to allow
for a consistent baseline for normalisation.

The dimensionless mixing times increase in Fig. 6b show that the
presence of gas does not improve the global mixing behaviour inside the
non-Newtonian systems. No correlation is apparent between the inverse
modified Péclet number and the measured mixing times, suggesting
that, despite the limited dataset, the mixing time and the aeration rate
could potentially be independent of one another for systems containing
non-Newtonian media.

The impact of rheology is also notable to see in Fig. 6b, with the
dimensionless mixing times being significantly larger for the cases with
the 1.0% (w/w) CMC solution. One interpretation of our results is that at
the lower 0.5% (w/w) CMC concentration, gas injection plays a dual
role, not only promoting mixing, but also providing a pre-shear effect in
the upper part of the vessel. The rising bubbles impart localised shear,
which therefore reduces the local apparent viscosity in shear-thinning
fluids and in turn enhancing mixing relative to what might be ex-
pected based on mechanical agitation alone. This is also shown with the
inverse modified Péclet number being closer to zero in all cases
compared to the 1.0% (w/w) CMC solution, with this being an important
factor at N = 621 RPM.

This behaviour is consistent with observations reported in literature,
with bubble-induced pockets of localised high shear and low fluid vis-
cosity being captured computationally near Rushton turbines in power
law non-Newtonian fluids (Moilanen et al., 2006). Larger slug-like
bubbles are formed at a higher bubble rise velocity, which possess
more momentum and therefore impart more shear to the fluid media
(Jamshed et al., 2018). Additionally, the average shear rate across the
whole fluid volume has been determined to increase with an increase in
the gas flow rate (and therefore superficial gas velocity) (Campesi et al.,
2009; Buffo et al., 2016). These results could provide a possible expla-
nation of why, at 0.5% (w/w) CMC (N = 621 RPM, Re = 675), the
difference between the measured mixing times at Ugg = 0.53 cm s land
1.00 cm s~ ! is significant.

In contrast, in the more viscous 1.0% (w/w) CMC solution, the
bubble rise velocity is significantly reduced as shown in Table 2, sug-
gesting that smaller diameter bubbles are formed (Alves et al., 2002),
possessing less momentum and consequently imparting less shear to the
fluid media. As shown with both Fig. 6b, this results in the impeller
dominating the mixing dynamics. Under these aerated conditions with
non-Newtonian fluids, empirical correlations based on assumptions
from Newtonian systems become increasingly unreliable. Given that
these correlations are not suitable in capturing the variability of the
mixing performance and time across the whole fluid volume resulting
from the non-Newtonian rheology, direct measurements of the fluid
mixing time across the whole fluid volume are necessary.

Whilst the present study focuses on single-impeller stirred tanks at a
laboratory-scale, the proposed methodology is not intrinsically limited
to these configurations. At industrial-scale with multiple-impeller
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systems, flow fields can be grouped into multiple circulation regions,
with spatial heterogeneity associated with each impeller stage. The
nature of the Lagrangian statistics can capture zone-specific mixing
behaviour and any associated non-uniform mixing behaviour.

Even though mixing times may quantitatively differ with the system
scale and complexity, the underlying Lagrangian framework is based
upon particle transport remains applicable. Additional considerations
such as compartmentalisation may influence local mixing behaviour in
multi-impeller systems and should be accounted for in future applica-
tions of the Lagrangian methodology.

4. Conclusions

In this investigation, Lagrangian statistics obtained from Positron
Emission Particle Tracking experiments have been used to directly
determine mixing times inside single- and two-phase gas-liquid stirred
tanks. Under single-phase conditions, excellent agreement was achieved
between the 95% mixing times measured via the Lagrangian method-
ology, acid-base decolourisation experiments and established empirical
correlations, demonstrating the equivalence of the analysis used.

The proposed Lagrangian mixing effectiveness methodology is
particularly advantageous in situations where classical correlations are
known to be less reliable, such as in systems with non-Newtonian fluids
or in aerated systems. Whilst empirical correlations provide good
practical estimates for conventional Newtonian single-phase systems,
existing correlations do not fully capture the complexity of these sys-
tems. This Lagrangian approach leverages direct full-field trajectory
measurements to characterise the mixing behaviour.

The non-optical nature of the PEPT method allowed for whole field
investigation of aerated systems at higher gas void fractions than would
be possible with conventional optical techniques. In systems with a
Newtonian fluid, the Lagrangian methodology produced mixing time
estimates broadly consistent with existing empirical correlations in the
dispersed aeration regime. For non-Newtonian systems, fluid rheology
was shown to exert a profound influence on the global mixing perfor-
mance. The existing correlations failed to predict mixing times reliably
in shear-thinning, non-Newtonian solutions, especially at Reynolds
numbers in the lower transitional flow regime. Increasing the apparent
viscosity under identical operating conditions (impeller speed and su-
perficial gas velocities), led to mixing times increasing by a factor of 4.
These findings highlight the complex and non-trivial nature of mixing in
these systems, and the limitations of traditional established correlations.

The interaction between bubble-driven and impeller-driven disper-
sion was further investigated using the modified Péclet number
approach initially used by Montante and Paglianti (Montante and
Paglianti, 2015). This demonstrated that aeration has a very limited
impact on dispersion in high-viscosity media, whereas it significantly
enhances the dispersion in Newtonian fluids. This approach also pro-
vided additional insight into the relatively poor performance of the
Rushton turbine under aerated conditions, compared to an axial
pumping impeller. This reinforces the need for a tailored impeller se-
lection based upon the fluid rheology and gas dynamics inside the
system.
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